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ABSTRACT

Our objective on this research is to study the behavior
of the permutations produced by monomialsxi over a
finite fieldFq. In particular, we are studying the dis-
persion, spreading, fixed elements and cyclic decom-
position of these permutations. We present some con-
jectures related to this.

1. INTRODUCTION

Error correcting codes are used on digital communica-
tion systems to repair errors that might occur during
information transmission. Turbo codes, presented in
[3], are a class of codes that are very important be-
cause they achieve low error rate without consuming
much energy.

The messages on transmission, using turbo codes,
are repeated at least two times. One of these repeti-
tions of the message is codified in its original form,
the others are changed by theinterleaverbefore being
codified. The interleaver, one of the principal com-
ponents of turbo encoders, change the position of the
information symbols on each codification. This is, the
information symbols arepermutedby the interleaver.
One of the effects of permuting the information sym-
bols could be that consecutive entries of the message
are not damaged by error bursts. This will depend on
some properties of the interleaver, such as the spread-
ing and dispersion, that we will define latter.

Random and S-random interleavers may have good
functioning but they have some disadvantages that al-
gebraically constructed interleavers do not have. The
first disadvantage of random and S-random interleavers
is that they have to be stored in memory, while per-
mutations given by algebraic interleavers can be gen-
erated at the time of codification. Another disadvan-
tage of random and S-random interleavers is that, since
we do not know their algebraic structure, their proper-
ties cannot be analyzed without running simulations.
Algebraic constructions could have the advantage that
their properties can be predetermined.

On this research we have been studying some prop-
erties of permutations given by monomialsxi over a
finite fieldFq to find monomials that produce good in-
terleavers. It is known that the dispersion and spread-
ing factors are important properties. As objectives we
have: to study of the dispersion and spreading fac-
tors of permutations given by monomialsxi and to
study the monomial’s behavior for permutations of cy-
cle length 2. So far we have found patterns on the ex-
ponentsi of permutation monomials with good disper-
sion or spreading factors. Also, we have found pat-
terns to localize a second permutation monomial with
dispersion, spreading, fixed points and cyclic decom-
position equal to the first one. These patterns occur if
i|(q − 2) and in the special case in which3|(q − 2).

2. PERMUTATION MONOMIALS

A permutation of a setA is a bijective functionπ :
A −→ A. Monomials that produce permutations of
a set are called permutation monomials. A permuta-
tion of the elements of a finite fieldFq is given by
π(x) = xi if and only if gcd(i, q − 1) = 1. Permuta-
tion monomials give an algebraic method to construct
permutations. Using algebraic methods has the advan-
tage that is not needed to store the permutation, as with
the random and S-random interleavers. Also, it is pos-
sible to study the properties of the interleaver without
having to run simulations.

Important factors for the good functioning of an in-
terleaver are the dispersion and spreading factors. The
dispersion measures the randomness of the permuta-
tion. The spreading measures the regularity of the per-
mutation.

There is conjecture of Corrada-Bravo, professor at
University of Puerto Rico at Rio Piedras, that another
factor might be the cyclic decomposition of the permu-
tation. For example, if we considerZ11 andπ(x) = x7

we have the permutation:

π =
(

0 1 2 3 4 5 6 7 8 9 10
0 1 7 9 5 3 8 6 2 4 10

)



We can writeπ as: π = (2768)(3945), which is
called the cyclic decomposition ofπ. If π(x) = x,
thenx is said to be a fixed point.

The following is the conjecture due to Corrada-
Bravo:

• Conjecture 1: Turbo codes constructed using
monomials that produce permutations with cer-
tain cyclic decompositions have better perfor-
mance.

The cyclic decomposition of permutations given
by monomials have been studied in [1].

3. THE DISPERSION FACTOR

To construct interleavers that could give good perfor-
mance it is important to study some properties, like the
dispersion factor. The dispersion factor is a measure of
how regular a permutation is. To have good dispersion
property is to prevent patterns on the permutation.

The dispersion of a permutationπ is given by the
number of elements on the set:

D(π) = {(j − i, π(j)− π(i))|0 ≤ i < j < T}

whereπ is a permutation of a set withT elements. The
normalized dispersion is given by:

2|D(π)|
T (T − 1)

.

The closer the normalized dispersion is to 1, the
better it will become.

The following proposition was presented in [2]:

• Proposition: Consider the permutation mono-
mial π(x) = xq−2, were q is a prime. Thenπ
has normalized dispersionγ, whereq−1

2q ≤ γ ≤
q+3
2q .

Within the studied monomials there wasxq−2 for
q a prime. We found thatxq−2 always has dispersion
better or equal than other monomials. We found that
if and only if 3|(q − 2), then the dispersion of other
monomials is equal to the one ofxq−2. These mono-
mials arex3 andx

2q−1
3 .

• Conjecture 2Let q be a prime. The permutation
ofFq given byxi has dispersion equal to the up-
per boundγ = q+3

2q if and only if3|(q − 2) and

iε{3, 2q−1
3 , q − 2}.

For examples see the table in section 5, which
shows the dispersion and spreading of several permu-
tations.

4. THE SPREADING FACTOR

The spreading is another important property of an in-
terleaver. It is a measure of how distant are interleaved
symbols that were originally close to each other. It is
said that an interleaver have spreading factors(s, t) if:

|i− j| < s ⇒ |π(i)− π(j)| ≥ t

The spreadings is the maximum value such thats ≤ t.

The closers is to
√

T
2 , where T is the length of the

block that is being permuted, the better the spreading
is.

The next conjecture relates the spreading and the
form of q.

• Conjecture 3Let q be a prime. If3|(q−2), then
the permutation given by the monomialsx3 and
x

2q−1
3 have spreading greater than 1 if and only

if q is of the form30k + 11 or 30k + 29, for
kεZ. The spreading of the permutation given by
xq−2 is greater than 1 if and only if q is not of
the above form.

For examples see the table in section 5, which
shows the dispersion and spreading of several permu-
tations.

5. SOME OTHER CONJECTURES

On our research we have found some patterns on per-
mutations ofFq whereq is prime. Our experiments
showed that all the values for the dispersion and spread-
ing, the fixed points and the cyclic decomposition were
the same for two monomials. From that we have for-
mulated the next conjectures:



• Conjecture 4: Let q be a prime. Ifi|(q −
2) then the permutation given by the monomial

x
(i−1)(q−2−i)

i +i has dispersion, spreading, fixed
points and cyclic decomposition equal to the per-
mutation given byxi.

Note that ifi = q − 2 then not always exists an-
other monomial with properties equal toxi, because
(i−1)(q−2−i)

i + i = q − 2.

• Conjecture 5: Let q be a prime. Given the per-
mutation monomialxi, there exists another per-
mutation with dispersion, spreading, fixed points
and cyclic decomposition equal to the permuta-
tion given byxi if i 6∈ {q − 2, q−3

2 , q+1
2 }.

The following is a table of dispersion and spread-
ing of some permutations ofFq given byxi.

q i dispersion spreading
23 3 .56522 1

5 .49407 1
7 .50988 2
9 .49407 1
13 .50593 2
15 .56522 1
17 .50593 2
19 .50988 2
21 .56522 2

37 5 .49099 1
7 .48198 1
11 .46096 1
13 .47748 1
17 .46697 1
19 .36937 1
23 .46096 1
25 .47748 1
29 .49099 1
31 .48198 1
35 .52703 1

107 3 .51401 1
5 .46235 2
7 .47434 1
9 .47910 1
11 .47346 2
13 .45265 2
15 .46640 1
17 .46535 2
19 .48651 2
21 .42214 1
23 .43837 3
25 .46535 2

q i dispersion spreading
27 .47011 2
29 .47346 1
31 .44207 2
33 .49691 1
35 .46341 1
37 .44136 1
39 .47804 1
41 .46446 1
43 .44136 1
45 .49691 1
47 .46958 2
49 .45265 2
51 .48298 2
55 .47011 2
57 .45953 1
59 .47910 1
61 .49744 1
63 .47434 2
65 .44207 1
67 .48651 2
69 .47434 2
71 .51401 1
73 .49744 1
75 .46446 1
77 .46658 2
79 .48298 2
81 .47645 1
83 .43837 3
85 .46235 2
87 .47804 1
89 .47645 1
91 .47434 1
93 .45953 1
95 .46658 2
97 .46958 2
99 .46640 1
101 .42214 1
103 .46341 1
105 .51401 2

6. FUTURE WORK

We still have some work left to do. First, we have
to prove our conjectures or find counter examples to
them. Also, we will look for patterns to characterize
monomials that have the same dispersion, spreading,
fixed elements and cyclic decomposition fori - (q−2)
(similar to conjecture 4). We will try to find other con-
jectures on the spreading of permutationsxi of Fq for
i 6= 3, 2q−1

3 , q − 2 (similar to conjecture 3).



There is still much work to do in the area of permu-
tation monomials applied to Turbo Codes. The spread-
ing and dispersion factors as well as all the other prop-
erties of permutation monomials need to be studied
much more. Simulations need to be ran in order to
check the performance of codes constructed with the
different interleavers.
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