Mathematical proofs

The application of logic In the
demonstration of mathematical
statements



On the nature of a mathematical

proof

Mathematics is a “purely deductive
discipline. This means that mathematical
statements are either axioms or theorems
(1.e. lemmas, corollaries, propositions,
theorems, etc)

— Axioms are statements declared to be true
without proof

— Theorems are statements derived from true
statements, using the rules of logic




Derivation

The “pattern of thinking” of the derivation of a
statement from previously known statements
IS captured by the logical operation of implication

Thus, the core of a mathematical proof s
normally well represented as an implication
between predicates endowed with quantifiers
which we express symbolically as

= Q(X,...,2)T(X,...,2) J

A combination The hypothesis : || A combination The thesis : Is it

of quantifiers a true predicate | LOf quantifiers | [tTu€ or false?




Hidden implications

Quite often, mathematical statements do
not show the implication explicitly . In
most of these cases, the hypothesis
appears to be missing

— Example: Consider the classical trigonometric
relation

sn‘@+cos’d=1
— The actual statement Is
(08)(0<O<2mr= sin“8+cos* G =1)




Steps In reasoning about a

proof
Before starting the proof
 Identify the actual logic structure of the theorem (or

given statement). Rewrite the theorem in terms of the
identified logical structure

« Examine and decide on possible “proving
strategies” and general style of the proof . This
depends on:

— Previously proven statements and axioms that may
have an influence in the proof; and

— The logic and mathematical tools that are available to
compose the proof



Main styles

* Deductive proofs

— Direct proofs

— Constructive proofs

— Proofs by counterexample

— Proofs by contrapositive

— Proofs by reduction to absurdum
* Inductive proofs

— Applies only to implications in which one of the
predicate’s variable ranges over an infinite countable
set



Proof by construction

o Applies to existential properties only

(CY)Y(A(X,...., 22H (X,..., V,..0ry Z) =
Q(X,.eey 2)T (Xeeny Vyenny 2))

« Consist of two major steps:
— Construction of a mathematical object

— Proof that the constructed object satisfies
the corresponding existential property




Example

Theorem: The set of all odd numbers Is infinite
countable

 Rewrite as a logical statement:

If Odd ={nON:CmON L n=2m+1} then, there exists afunction
f:N - Odd

which isa bijection

* Proving strategy:

By construction:
— Build f

— Demonstrate that the f that has been built is a bijection



The demonstration

Deflnltlon of the object

Proof: Let f(n)=2n+1, “Where nis a nat@ TETE—

number. To show that f is a bijection: appropriated?

— fIs Injective:

L et P #(Q, pD N [C]D N <[ASSumpt|on]
Then’ 2 P +1# 20| +1 <[ Rules of arithmetic ]

Therefore, f (p) Zz f (C]) <[ Definition of f ]

—f Is onto:
(OmOOdd )CnO N Cm = 2n +1 —= efinition of Odd |

(UmUOdd )InUON Om = f(n)<[Definitionoff ]

9




Counterexamples

In practice one Is often faced with the question: Is
this statement true or false? Counterexamples
are constructions used to demonstrate that a
universal statement is false

« A proof by counterexample is similar in spirit to a
proof by construction and as such, it consists of
the same two major steps:

— Construction of a mathematical object

— Demonstration that the constructed object
makes the statement false
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Example

Theorem: It IS not the case that

(

X, Y)(0<X<y= x<y?)

 Rewrite as a logical statement

Jnnecessary

* Proving strategy:

Counterexample. Find values for the
variables that render the statement false
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Proof:

Proof

Letx=.5andy=.6
Then
y°=.36<.5=x
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Direct proofs

By a direct proof itis normally understood a proof in which
the implication is not replaced with its equivalent
contrapositive form.

We distinguish two main cases:
* Proof by exhaustion

— This Is a proof in which all values of the predicate’s
variables are verified with a direct calculation

* Proof based on general arguments

— This is a proof in which general logical and/or
mathematical arguments are used to demonstrate the
Implication
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Example 1

Theorem:

Proof:
(PLQ) = (PLQ)

Rewrite as logical P Q |PLQ|PLQ|0=0
statement: 0 0 0 0 1
unnecessary ot o |t 1

_ 1 0 0 1 1

Proving strategy: By 1 1 1 1 1

exhaustion
(it works!!: there are
only four valuations)

14



Example 2

Theorem: The product of two odd numbers
IS always an odd number

Rewrite as a logical statement:
(Ux,y)(xUOOdd Lyl Odd )= xy JOdd

Proving strategy:. Direct. The rules of
arithmetic will be used to show that the
general form of an odd number Is
preserved under multiplication
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Proof

Proof: R
%[\ ypotnesis J ADefinition ofj

Let x1Odd C yOOdd odd
Then, (LhOON)x=2n+1and (LMUN)y=2m+1
Now, xy = (2n+1)(2m+1)
= (4nm+2(n+ m) +1) —= Rules of arithmetic _
= 2(2nm~+n+m) +1 —gre o armetic
Sincek =2nm+n+m0N
xy = 2k +100dd <[Definition of Odd ]
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Contrapositve forms

Replace the implication with its equivalent
contrapositive form

— For a universal property:.

(Uy) (= T(X%,..., Yyu.0y Z) = 7 H (X,..., V,..., Z))
— For an existential property:

(CLY)(= T (X,..., Y,..., Z) = " H(X,..., Y,..., Z))

Keep In mind that a
has nothing to do with the of
the implication
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Exam

Theorem: If the square of a
S0 Is the number

Rewrite in logical terms:

ple

number Is even, then

Let Even={x0N :(LnLN)x =2n}

(Ox)(x* O Even=> x[0 Even)

Proving strategy: A direct
taking of a square root, w
In arithmetic properties. T

oroof will involve the
nich Is not rich enough

ne contrapositive

replaces the square root with a multiplication
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Proof

The contrapositivels:

(OX)(xO Even = x* 0 Even)
Now, x 1 Even = x[10Odd
Therefore, (LN N)x =2n+1

But then, x* = xx = (2n+1)(2n+1)

=(4n° +4n+1)

=2(2n° +2n) +1
Sincek =2n*+2n0ON, x° =2k +100dd
Thus, x* O Even
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Reduction to the absurdum

It works by demonstrating that the
negation of the implication  implies, In
turn, a contradiction with an already
accepted truth

e For proving (H(x) = T(x)) by contradiction
—Prove (H(X)C=T(X) = A(X)

— Demonstrate that  A(X)s false (contradicts
an established fact)
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Example

Theorem: Let U be an infinite set, S be a
finite subset of U, and T the complement
of S with respect to U. Then, T Is infinite.

Rewrite In logical terms:

(JU)U infinite) L (OS)(SUU Lfinite)

T =U -S=Tinfinite
Proving strategy: Reduction to absurdum
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Proof

Proof:
By contradiction : assume
T =U - SU~(T infinite)
Then, T isfinite
SinceU =T [ S,U istheunion of twofinitesets
Contradiction:

The union of twofinitesetsisalwaysafinite set
andU isinfinite
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Induction

 Recall that a set is infinite countable if it can be
put in a one-to-one and onto correspondence
with the set of natural numbers

* |Induction applies solely to predicates of the
form of

(n)P(n)
where N ranges over a countable domain
e A proof by induction consists of two steps:
— Prove that (Cn,)P(n,) =1
—Prove that (Un=n,)(P(n) = P(n+1) .



Example

n

Theorem : »'i*=
=1

n(n+1)(2n+1)

6

Rewrite in logical terms:

(On)(nON :>Zn:i2 =

Proving strategy:

n(n+1)(2n+1)
. )

Induction on n
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Proof

Proof:
1.- Let n, =1. Then, the statement becomes

Z' 120

WhICh IStrue.
2.- Toshow that :

(On=1)() i% =
=1
Proof : (next page)

n(n +1)(2n +1) DE , _(n+D)(n+2)(2n+3)

; )
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Proof (continuation)

n+1 n

Q7= P+ (n+1)°

_n(n+1H(2n+1)
B 6
_2n°+3n"+n . 6n° +12n+6
6 6
_2n°+9n° +13n+6
) 6
(n+1)(n+2)(2n+3)

6

+(n*+2n+1)
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