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1THENEEDFORAQUANTUMTHEORY2

1TheNeedforaQuantumTheory

Intheearly1900’s,experimentaldisagreementbetween
predictionsofclassicalmechanicsandsomeexperimental
observationsdrovesomewellknownscientiststoformulate
alternativetheories.Someofthemostimportantexamplesin
whichquantumconceptswereusedare:

•Blackbodyradiation:solidsemitlightwhentheyareheated.
Theemissionspectrawasindisagreementwithclassical
predictions(Rayleigh-Jeanslaw).In1901MaxPlanck
explainedthemeasuredspectrabyassumingthatatomscould
onlyabsorboremitlightindiscretepackets.

•SharpspectrallinesemittedbyheatedHydrogengas:In1910
Bohrexplainedtheresultsbasedonamodelthatassumed
angularmomentumquantization
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•Photoelectriceffect:electro-magneticwavesexhibit
particle-likeproperties.Inthemid1920,DeBrogliesuggested
thatparticlesshouldalsoexhibitwave-likebehavior,and
hypothesizedthatthewavelengthcanbefoundfrom
momentumusingtherelationship

p=h/λ

2BasicPostulates

•Thereexistacomplexquantitycalledthewavefunction
Ψ=Ψ(x,y,z,t)fromwhichthealldesirablevariablesofa
systemcanbeobtained.

•Foragivensystemconstrains,Ψisdeterminedbysolvingthe
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timedependentSchrödingerequation:

i~
∂Ψ

∂t
=−

~

2m∇
2
Ψ+U(x,y,z)Ψ

whereUrepresentsthepotentialenergyofthesystemand
i=

√
−1.

•Ψand∇Ψmustbefinite,continuousandsingle-valued.

•TheprobabilityoffindingtheparticleinthespacialvolumedV
isΨ

∗
ΨdV,whereΨ

∗
isthecomplexconjugateofΨ.

Thisimpliesthat∫

V

Ψ
∗
ΨdV=1

•Thereisamathematicaloperatorαopassociatedtoeach
dynamicsystem’svariableα,suchasenergyandmomentum.
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Theexpectationvalueofthequantitycanbefoundfrom

<α>=

∫

V

Ψ
∗
αopΨdV

•Themomentumoperatoris
~

i
∂
∂r,wherercanbex,yorz.Thus

oncethewavefunctionhasbeenfound,theexpectationvalue
ofthemomentuminthexdirectioncanbedeterminedfrom

<px>=

∫

V

Ψ
∗~

i

∂Ψ

∂x
dV

•Theenergyoperatoris−
~

i
∂
∂t
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2.1Time-independentFormulation

IfthetotalenergyEisconstant,theproblemcanbesimplifiedas
follows.Theenergyexpectationvalueis

<E>=

∫

V

Ψ
∗

(

−
~

i

∂Ψ

∂t

)

dV

ForthisintegraltoequalE,onemusthavethat

−
~

i

∂Ψ

∂t
=EΨ

Thisrequiresageneralsolutionoftheform:

Ψ(x,y,z,t)=ψ(x,y,z)e
−iEt/~

TheSchrödingerequationcanthenbeexpressedinitssimpler,
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time-independentform:

∇
2
ψ+

2m

~2(E−U(x,y,z))ψ=0

3Examples

3.1FreeParticle

Consideraparticleofmassmthatfindsitselfaloneintheuniverse
andthathastotalenergyequaltoE.Suchparticleexperiencesno
forces(F=∇U=0)sothepotentialenergyisconstantandcan
bechosentobezero.Forsimplicity,lettheparticle’suniversebe
one-dimensional,

Tocharacterizetheparticlefromthepointofviewofquantum
mechanics,onemustsolvethetime-independentSchrödinger
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equation
d
2
ψ

dx2+
2mE

~2ψ=0

Usingthetrialsolution

ψ=Ae
ikx

+Be
−ikx

oneobtains

∂ψ

∂x
=ikAe

ikx
−ikBe

−ikx

∂
2
ψ

∂x2=−k
2
(

Ae
ikx

+Be
−ikx

)

=−k
2
ψ

whichdemonstratesthatψisasolutionprovidedthat

k=

√
2mE

~
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Thusforthisproblem

Ψ(x,t)=Ae
i(kx−

E

~t)+Be
−i(kx+

E

~t)

Therighthandsidetermshavetheformofresultsfromclassical
waveanalysisdealingwithelectromagnetism,sound,etc,

e
i(kx−ωt)

and
e
−i(kx+ωt)

Theseexpressionscorrespondtowavestravelinginthe+xand−x
directions,respectively,wherek=

2π
λisthewavenumberandωis

theangularmomentumofthetravelingwave.Byanalogy:

•Thefreeparticlewavefunctionisinterpretedasatraveling
wave.

•Iftheparticlemovesinthexdirection,B=0.Ifitmovesin
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the−xdirection,A=0.

•Since,foraparticlemovinginthe+xdirection,

ψ
∗
ψ=A

∗
A=constant

forallvaluesofx,onehasequalprobabilityoffindingthe
particleanywhere.

•Theparticle’smomentumis

<px>=

∫

∞

−∞

ψ
∗~

i

dψ

dx
dx

=~k

∫

∞

−∞

ψ
∗
ψdx

=~k=
h

λ
=

√
2mE

inagreementwithclassicalmechanics.

•Weknowtheparticle’smomentumwithcompleteprecision
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butknownothingabouttheparticle’sposition.Thisisin
agreementwiththeHeisenberg’sUncertaintyPrinciple,which
postulatesthat

∆p×∆x≈~

where∆expressesuncertainty.Thuscompletecertaintyofthe
particlesmomentumrequirescompleteuncertaintyofthe
position.

•Theparticlecanbelocalizedinsomeregionofspaceby
formingaddingseveraldifferentversionsofψ,eachwith
differentvaluesofk,A,andB.Suchsuperpositionof
sinusoidsformwhatisknownasawavepacket,andresembles
theformationofawaveformofarbitraryshapewithaFourier
series.Bydoingsowehavetousedifferentvaluesof
momentum;thuswereducetheuncertaintyinpositionby
increasingthatofmomentum,inagreementwiththeabove
uncertaintyprinciple.
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Figure1:Exampleillustratingwafefunctionsuperposition.(Taken
fromCraigCasey,1999).

3.2ElectronMeetingaPotentialBarrier

Considerapotentialwiththeshapeshowninfigure2.
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U

e
-

U
=

0

U
=

V
2

Figure
2:A

n
electron

approaching
a

potentialbarrier.

For
sim

plicity
lets

consider
again

a
one-dim

ensionaluniverse.

W
e

m
ustnow

solve
tw

o
equations.For

x
≤

0
the

electron
is

free
(U

=
0),and

the
solution

is
the

one
found

in
the

previous
exam

ple:

ψ
=
A
e
ik
x

+
B
e
−
ik
x
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Forx>0,U=V2andtheSchrdingerEquationbecomes

∂
2
ψ

∂x2+
2m

~2(E−V2)ψ=0

ψ=Ce
ik2x

+De
−ik2x

where

k2=
2m(E−V2)

~

Sinceatx=0thewavefunctionmustbecontinuous
ψ(0−)=ψ(0+)andA+B=C+DNowconsideraparticle
incidentfromtheleft.Forthiscase,wecansetD=0andgetthat

A+B=C

Because
∂ψ
∂xisalsorequiredtobecontinuous,

ikA−ikB=ik2C
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ork(A−B)=k2C,whichcanbeexpressedasC=
k
k2(A−B).

Substitutinginthepreviousexpressionyields

A+B=
k

k2
(A−B)

A

(

1−
k

k2

)

=−B
(

1+
k

k2

)

A
k−k2

k2
=B

k+k2

k2

B

A
=

k−k2

k+k2

and
C

A
=

2k

k+k2

Wecanmakethefollowingobservationsabouttheseresults:

•IfE>V2,
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–bothkandk2arereal;

–solutionsareoscillatory;

–
B
A=

k−k2
k+k2isfinite!Thus,thereisafiniteprobabilitythatthe

barrierwillreflectbacktheelectron,causingittoturnback
totheleft.

•IfE<V2,

–k2=
2m(E−V2)

~isimaginary;

–thewavefunctiondeclinesexponentiallyforx>0.

–
C
A=

2k
k+k2>0sothereisanon-zeroprobabilityforthe

electrontopenetratethebarrier!

3.3Tunneling

Consideranelectronapproachingthepotentialbarrieroffinite
widthshowninfigure3
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U

e
-

U=0

U=V2

W

Figure3:Anelectronapproachingafinite-widthpotentialbarrier.

Thewavefunctionwillbethesameastheonewefoundforafree
electronforx<0andforx>W.For0≤x≤W,the
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wavefunctionwillbesimilartoψ2inthepreviousexample.Thus,

ψ(x)=















A+e
ikx

+A−e
−ikx

∀x<0

B+e
ik2x

+B−e
−ik2x

∀0≤x≤W

C+e
ikx

+C−e
−ikx

∀x>W

where~k=
√

2mEand~k2=
√

2m(E−V2).

Again,wecanlimitourselvestothecaseofanelectron
approachingthebarrierfromtheleft,sothatC−=0.Ratherthan
proceedingtomatchthewave-functionsanditsderivativeatx=0

andx=Wtodeterminetherelationbetweencoefficientsexplicitly
,weshallbehappybyexpressingtheresultintermsofthe
transmissioncoefficient,definedas

T=

∣

∣

∣

∣

C+

A+

∣

∣

∣

∣

2
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ForE>V2,

T=
1

1+
V

2

2

4E(E−V2)S2
(1)

whereS=sin(k2W).Noticethatthisequalsunityforanybarrier
widthforwhichk2W=nπ,wherenisanyinteger.Forthecasein
whichE<V2,

T=
1

1+
V

2

2

4E(V2−E)S2
h

(2)

whereS=sinh(ik2W).Wave-functionsforbothcasesareshown
infigure4.Itcanbeobservedthatanelectronwithaanenergy
lowerthanV2haveafiniteprobabilityofpenetratingthebarrier.
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Figure4:Wavefunctionshapeforthetunnelingexample.
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3.4TheQuantumWell

U
V1

0

x 0W

Figure5:Aone-dimensionalquantumwell.

Anotherproblemofpracticalinterestisthequantumwell,shownin
figure5fortheonedimensionalcase.Itisconvenientinthiscaseto
expresstheimaginaryexponentialsintermsofsinusoidsand
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chosewave-functionsoftheform

ψ(x)=















A1e
αx

+B1e
−αx

∀x<0

A0sin(kx)+B0cos(kx)∀0≤x≤W

A2e
αx

+B2e
−αx

∀x>W

where

α=

√

2m(V1−E)

~

and

k=

√
2mE

~

NoticethatifE>V1thenalphaisimaginaryandthe
correspondingexponentialtermsinthewavefunctiondisplay
oscillationsthatextendtoinfinity.Intheotherhand,ifE<V1we
expectthewavefunctiontodecayasitpenetratesthebarrier,anto
vanishfarfromit.ThisbehaviorrequiresthatB1=A2=0.



3EXAMPLES23

Theresultingwavefunction,

ψ(x)=















A1e
αx

∀x<0

A0sin(kx)+B0cos(kx)∀0≤x≤W

B2e
−αx

∀x>W

mustsatisfythecontinuityboundaryconditionsatx=0and
x=W:ψ(0−)=ψ(0+),ψ(W−)=ψ(W+),

dψ
dx(0−)=

dψ
dx(0+),and

dψ
dx(W−)=

dψ
dx(W+).Evaluationoftheseconditionsintothe

wavefunctionyield
A1=B0(3)

B0=
k

α
A0(4)

A0sin(kW)+B0cos(kW)=B2e
−αW

(5)

k(A0cos(kW)−B0sin(kW))=−αB2e
−αW

(6)

Solvingequation5forB2,substitutingintoeq.6andrearranging
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yields

A0(kcos(kW)+αsin(kW))−B0(ksin(kW)−αcos(kW))=0

which,aftereliminatingA0andB0byusingeqs.3and4canbe
expressedas

tan(kW)=
2kα

k2−α2(7)

SinceV1andWareconstants,thisisasingle-variableequationin
E.Itis,however,convenienttore-writeitintermsofanormalized
energyξ=E/V1.Noticethat

kW=

√
2mE

~
=
W

√
2mV1

~

√

E

V1
=Wa

√

ξ

wherea=
√

2mV1

~,andthat

2kα

k2−α2=
2
√

ξ(1−ξ)

2ξ−1
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Equation7thusbecomes

tan(Wa
√

ξ)=
2
√

ξ(1−ξ)

2ξ−1

Thefollowingobservationscanbemadeaboutthisresult:

•Thetangentofanangleθincreasesfrom0atθ=0to+∞at
θ=π/2;itthenjumpsdiscontinuouslyto−∞andincreases
againto0atθ=π.Thisbehaviorrepeatswithaperiodπ.

•Thefunctionintheright-handsideoftheaboveexpressionis
comparedtothetangentontheleft-handsideonfigure6for
thecaseinwhichWa=4π.Itcanbeobservedthatthetwo
sidesoftheaboveexpressioninterceptatfourdifferentpoints.
Thustherearefourenergylevelsforwhichtheparticleis
confinedtothewell(0<E<V1).
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Figure6:Comparisonofthetwofunctionsintheresultobtainedfor
thequantumwellexample.
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4EnergyBands

U(x)

a

surface
surface

Figure7:Potentialduetoaone-dimensionalCrystallattice.The
distancebetweenioncoresisa.

Someofthesimplifyingassumptionsthatwewillmakeare:
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•Theeffectsoflatticedefectsandatomic-corevibrationsare
consideredassecond-ordercorrectionstoouranalysis.

•Electron-electroninteractionisneglected.

•Atomiccoresextendfromx=0tox=(N−1)awhereNis
thenumberofatomsinthecrystal.

•Toavoidthecomplexityofconsideringthepotentialatthe
solid’ssurfaces,weshallassumearingofatoms,withthelast
atombeingfollowedbythefirstone.

4.1BlochTheorem

Thequantummechanicalanalysisofsystemsthatinvolveperiodic
potentialsisgreatlysimplifiedbytheuseoftheBlochTheorem:

Theorem1ForaperiodicpotentialU(x)suchthatU(x+a)=U(x),
thesolutionstoSchrdinger’sEquationconsistofwave-functionsthat
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obey
ψ(x+a)=e

ika
ψ(x)

Thisisequivalentto
ψ(x)=e

ikx
u(x)

whereu(x)isalsoperiodicwithperioda,i.e.u(x+a)=u(x).

Thelaststatementcanbeseentoresultfromthefirstbydirect
substitution,

ψ(x+a)=e
ik(x+a)

u(x+a)

=e
ikx
e
ika
u(x)

=e
ika
ψ(x)

Noticethatourassumptionofaring-shapedlatticeimposes
restrictionsinthevaluesthatkcanassume.Toseethis,consider
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thatfortheN-atomlatticewithinter-atomicdistancea,

ψ(x)=ψ(x+N×a)=e
ikNa

ψ(x)

Thus
e
ikNa

=1

and

k=
2πn

Na

wherenassumestheintegervalues0,±1,±2,...±N/2.
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4.2Kronig-PenneyModel

x 0 -ba

U

V1

0

Figure8:PotentialusedintheKronig-PenneyModel.

Forthispotential,forthesegmentsinwhichU=0,the
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time-independentSchrdingerEquationcanbewrittenas

d
2
ψ

dx2+α
2
ψ=0

whereα=
√

2mE/~.IfU=V1,theequationbecomes

d
2
ψ

dx2+β
2
ψ=0

whereβ=
√

2m(E−V1)/~.NoticethatβisimaginaryifE<V1.

Ifweassumewave-functionsoftheform

ψ(x)=







A0sin(αx)+B0cos(αx)∀0<x<a

A1sin(βx)+B1cos(βx)∀−b<x<0
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whichrepeatsitselfaroundeachlatticepointa.

Therequirementsimposedontheseequationscanbeexpressedas

•ψanddψ/dxmustbecontinuous,and

•theBlochTheoremmustbesatisfied.

Applyingtheserequirementstothepreviouslyshownψyields:

•Forψ(0−)=ψ(0+):
B1=B0

aNoticethatbecauseβisimaginaryifE<V1,and

cosθ=
e
iθ

+e
−iθ

2

sinθ=
e
iθ

−e
−iθ

2i

inthatcasethetrigonometricfunctionswillbecomehyperbolicinthelastequation.
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for
dψ
dx(0−)=

dψ
dx(0+):

βA1=αA0

or
A1=

α

β
A0

•Forψ(a−)=e
ik(a+b)

ψ(−b+):

ψ(a−)=A0sin(αa)+B0cos(αa)

=e
ik(a+b)

ψ(−b+)

=e
ik(a+b)

(A1sin(β×−b)
+B1cos(β×−b))

=e
ik(a+b)

(−A1sin(βb)+B1cos(βb))
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•for
dψ
dx(a−)=e

ik(a+b)dψ
dx(−b+):

dψ

dx
(a−)=α(A0cos(αa)−B0sin(αa))

=e
ik(a+b)

β(A1cos(βb)+B1sin(βb)

Rearrangingandsubstitutingthefirsttworesultsintothelasttwo,
weobtainthefollowingequations

A0

(

sin(αa)+
α

β
sin(βb)

)

+B0

(

cos(αa)−e
ik(a+b)

cos(βb)
)

=0

A0

(

αcos(αa)−αe
ik(a+b)

cos(βb)
)

+B0

(

−αsin(αa)−βe
ik(a+b)

sin(βb)
)

=0

Therequirementforanon-trivialsolutionisthatthedeterminant
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ofthequantitiesinsideparenthesisvanish,orthat
(

sin(αa)+
α

β
sin(βb)

)

×
(

−αsin(αa)−βe
ik(a+b)

sin(βb)
)

=
(

cos(αa)−e
ik(a+b)

cos(βb)
)

×
(

αcos(αa)−αe
ik(a+b)

cos(βb)
)

Thiscanberearrangedtoget

−
β

2
+α

2

β
e
ik(a+b)

sin(αa)sin(βb)

+2αe
ik(a+b)

cos(αa)cos(βb)=α
(

1+e
i2k(a+b)

)

which,aftermultiplyingby
1
2αe

−ik(a+b)
andusingtheidentity



4ENERGYBANDS37

cosθ=
e

iθ
+e

−iθ

2yields

cos(αa)cos(βb)−
β

2
+α

2

2αβ
sin(αa)sin(βb)=cos(k(a+b))(8)

Definingα0=
√

2mV1

~suchthat

α=

√
2mE

~
=α0

√

ξ

β=

√

2m(E−V1)

~
=

√

2mV1(E/V1−1)

~
=α0

√

ξ−1

wecanexpressequation8as

cos(k(a+b))=cos(α0a
√

ξ)cos(α0b
√

ξ−1)

−
1−2ξ

2
√

ξ(ξ−1)
sin(α0a

√

ξ)sin(α0b
√

ξ−1)

Recallthat,becauseweareconsideringaringofatomswithperiod



4ENERGYBANDS38

a+b,k=
2πn

N(a+b)wherenisanintegerbetween±N/2.Sincethisis
arealquantity

0≤cos(k(a+b))≤1

foralltheallowedvaluesofk.Thus,theenergylevelsforwhich
theright-handsideoftheaboveequationisinthisrangesatisfy
SchrdingerEquationandarethereforeallowed.Theseenergies
formtheenergybandsofthesolid.Therangeofenergiesthatdonot
satisfythiscriterionformtheforbiddengapsbetweenthebands.
Thesebandsareshownasboxesinfigure9forthespecificcasein
whicha=b=

π
α0.
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Figure9:Resultfromtheanalysisofaperiodicpotentialrepre-
sentedbytheKronig-Penneymodelfora=b=

π
α0.
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4.3CarrierEffectiveMass

vg=
dω

dk

Toapplythesameconcepttowavepackets,theangularfrequency
ωmustbereplacedbyitsquantummechanicalequivalent,E/~to
obtainthat

vg=
1

~

dE

dk

Ifanexternalforceisappliedtothepacketsuchthatworkisdone,

dE=Fdx=Fvgdt=F
1

~

dE

dk
dt=

F

~
dk
dt

dE

whichimpliesthat

F=~
dk

dt
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Intheotherhand,

dvg
dt

=
1

~

d

dt

(

dE

dk

)

=
1

~

d
2
E

dk2

dk

dt

istheaccelerationofthewavepacket.Solvingfor
dk
dt,substituting

intoourpreviousexpressionforF,weget

F=
1

1
~
2

d
2
E

dk
2

dvg
dt

Recallingthatforceequalsmasstimesaccelerationandtakingthe
groupvelocitysrateofchangeastheacceleration,weidentifythe
particleseffectivemassas

m
∗

=
1

~2

d
2
E

dk2
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Figure10:FirstBrillouinzoneformaterialscrystalilizinginthedi-
amondandzincblendelattices.

•Brillouinzone:rangesofkassociatedwithagivenenergy
band.

•Inthreedimensions,theBlockwavenumberbecomesavector
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andtheBrillouinzonesbecomevolumes.

•Γ:identifiesthezonecenter(k=0)

•X:denotesthezoneendalonga<100>direction

•L:denotesthezoneendalonga<111>direction
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Figure11:ElectronicstructureofSi,GeandGaAs.
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Figure12:DescriptionoftheMillerindecesforthesimplecubic
structure:(a)directions,(b)(100)an(110)planes,and(c)twoparal-
lel(111)planes.
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Figure13:DiamondandZincblendeunitcells.Whilethediamond
latticeisfoundinSiliconandGermaniumcrystals,GaAsadoptsthe
Zincblendestructure.
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Figure14:Representationoftheconstantenergysurfacesnearthe
bottomoftheconductionband.
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EffectiveMassGeSiGaAs

m
∗
l/m01.5880.9163-

m
∗
t/m00.081520.1905-

m
∗
e/m0--0.067

m
∗
hh/m00.3470.5370.51

m
∗
lh/m00.04290.1530.082

m
∗
so/m00.0770.2340.154

Table1:Electronandholeeffectivemasses.Themeaningofthe
subscriptsis:l=longitudinal,t=transversal,e=?,hh=heavy-hole,
lh=light-hole,andso=split-off.Numbersareinreferencetom0,the
electronrestmass.


