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Select four out of five problems.

QUESTION 1.

{25 marks] For each of the following 25 stétements, answer either TRUE or FALSE.

important note: for every statement that you choose a correct choice, you will get 1 mark; and,
for every question that you choose an incorrect choice, you will lose 1 mark. If you choose not
to answer a statement, you will not get or lose any mark for that statement. Also note that your
grade in this question will not negatively impact your grade in other questions (m other words,
the minimum grade in this question is 0).

1. NP is the class of problems that cannot be solved in polynomial time on a
nondeterministic Turing machine.
0 TRUE O FALSE

2. The problem of determining whether a boolean expression is satisfiable is in class P.
O TRUE O FALSE

3. If some NP-complete problem Pis in P, then P = NP.
¢ TRUE O FALSE

4. Itis unknown whether or not P = NP,
¢ TRUE { FALSE

S. Itis unknown whether or not P — NP,
O TRUE ¢ FALSE

6. Itis unknown whether or not P ¢ NP.
O TRUE 0 FALSE

7. NP cPSPACE
0 TRUE 0 FALSE

(Recall: PSPACE is the class of languages that are decidable in polynomial space on a
deterministic Turning machine.)
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8. A language B is PSPACE-complete if B is in PSPACE and every A in PSPACE is
polynomial time reducible to B,

0 TRUE ¢ FALSE

9. Every context-free language is in class P.
0 TRUE 0 FALSE

10. Every context free language is decidable.
O TRUE ¢ FALSE

11.If a language is Turing- recognizable, it is also decidable.
¢ TRUE Q0 FALSE

12.1f Lis a context free language, L (the complement of L) may not be a context free
language.

¢ TRUE 0 FALSE

13.L = {ww®w | wisin (0 + 1)* }, in which w® means w written backwards, is a context-
free language.

0 TRUE 0 FALSE

14.L = {wtw® | w,t arein (0 + 1)* and |o| = [t|}, in which @® means w written "
backwards, is a context-free language.
0O TRUE Q FALSE

15. The class of context free languages is a subset of the class of regular languages.
¢ TRUE { FALSE '

16. Every nondeterministic finite automata has an equivalent deterministic finite automata;
similarly, every nondeterministic Turing Machine has an equivalent deterministic Turing
machine,

0 TRUE Q FALSE

17. If a language is context free, some pushdown automaton recognizes it.
¢ TRUE O FALSE

18. A context free grammar is in Chomsky normal form if every rule is of the form
A=> BCor A->a (where g is any terminal; and, A4, 8, and Care any variables.)
0 TRUE Q FALSE
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19. A string @ is derived ambiguously in context free grammar G if it has two or more
different leftmost derivations.

0 TRUE 0 FALSE

20. Every nondeterministic finite automata can be converted to an equivalent one that has
a single accept state.
¢ TRUE { FALSE

21. Let B be the language {0"1" | nz0}. B is a regular language.
0 TRUE Q FALSE

22. 1 Ly and L are two regular languages, L’=L;°L> (where ® means concatenation) is also a
reguiar ianguage,

0 TRUE 0 FALSE

23.1f L is a regular language over alphabet £, and h is a homomorphism on £, then h(L)is
also regular.

¢ TRUE Q FALSE

24.n% = 0(nlog?n)
{ TRUE O FALSE

25. n = o(log n)
¢ TRUE 0 FALSE
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QUESTION 2:

a) [5 marks] Formally define the Deterministic Finite Automaton {DFA).

b) [10 marks} Design a DFA to accept the following language:
L = {w|w has both an even number of 0’s and an even number of 1's)

Explain all design stages.

c} [10 marks] Convert the following Nondeterministic Finite Automata to an equivalent
DFA. {Apply subset construction.) Provide details.

Start Qo

a,b
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QUESTION 3:

a) [5 marks] Formally define the Pushdown Automaton (PDA).

b} [10 marks] Design a PDA to accept the following " @-w-reversed” language:
Lywr = { ww® | w isin (0 + 1)* } in which w® means w written backwards.

Explain all details.

¢) [5 marks] Draw a generalized transition diagram to represent the following PDA (Q,
3, I,8,q4, F) where

Q= {q1, 42 43, 4}
z=1{0,1},
= {0,%},
F={qi, Q4}, and
- & s given by the following table, wherein blank entries signify 9.

Input: 0 1 E
Stack: | 0O S £ 0 S e | O S £
91 {{gz, $)}
p) {(92,0}} {{as, &)}
Q3 {{as, &)} {{as, €1}
Qs

Note. No need to explain your solution.

d) [5 marks] A palindrome is a string that reads the same forward and backward. For
instance, on alphabet {0, 1}, the following strings are palindromes: 0110, 10101, ¢, 0, 1,
etc.; whereas 10, 01, 011, etc. are some non-palindrome strings. Provide a context-free
grammar for palindromes on alphabet {0,1}.
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QUESTION 4:

a)

b)

d)

[5 marks] Formally define Turing Machines (TM).

[8 marks] Answer the following questions, based on the formal definition of TM, and
explain your reasoning:

i} Can a Turing machine ever write the blank symbolLJ on its tape?

i) Can a Turing machine’s head ever be in the same location in two successive steps?
it} Can the tape alphabet I' be the same as the input alphabet 3.7

iv) Can a Turing machine contain just a single state?

{5 marks] Show that the collection of Turing-recognizable languages is closed under
operator intersection.

[7 marks] Let P be any nontrivial property of the language of a Turing machine. Prove
that the problem of determining whether a given Turing machine’s language has
property P is undecidable.

In more formal terms, let P be a language consisting of Turing machine descriptions
where P fulfills two conditions. First, P is nontrivial—it contains some, but not all, TM
descriptions. Second, P is a property of the TM’s language—whenever L(M,) = L(M,), we
have <M, > € P iff <M,> € P. Here, M, and M, are any TMs. Prove that P is an
undecidable language. |



&5 P0A in CISE

Universidad de Puerto Rico
Recinto Universitario de Mayaguiez

Doutoval Mogram in L‘umﬁ)ulm; snd
Iriformation Scichces and Engincering

QUESTION 5:

a) [5 marks] Formally define the context-free grammars.

b} [10 marks} Show that the string
the girl touches the boy with flower
has two different leftmost derivations in the following grammar.

<SENTENCE> -» <NOUN-PHRASE> <VERB-PHRASE>

<NOUN-PHRASE> — <CMPLX-NOUN> | <CMPLX-NOUN> <PREP-PHRASE>
<VERB-PHRASE> — <CMPLX-VERB> | <CMPLX-VERB> <PREP-PHRASE>
<PREP-PHRASE> . <PREP> <CMPLX-NOUN>

<CMPLX-NOUN> — <ARTICLE> <NOUN>

<CMPLX-VERB> — <VERB> | <VERB> <NOUN-PHRASE>

<ARTICLE> ~ a | the

<NOUN> - boy | girl | flower

<VERB:> - touches | likes | sees

<PREP> - with

¢) [10 marks] Prove the Pumping Lemma for Regular Languages: if A is a regular language,
then there is a number p {the pumping length) where, if 5is any string in A of length at
least p, then s may be divided into three pieces, s=xyz, satisfying the following
conditions:

i) For each i20, xy'z € A,
if) y|= 0, and
iii) |xy|<p.
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NOTE:

We only mark 4 questions from the above 5 questions.
Please indicate in the following box which question you want not to be
marked.

0

Note: If you do not indicate in the above box the question number that you
want us not to mark. we will automatically exclude “Question 1” from vour
exam.
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Select four out of five problems.

1. Let S, = {d1,ds, ...,dn} be & set of distinct coin types, where each d; is a nonnegative
integer. Suppose also that d; < dy < ... < d,,. The coin changing problem is defined
as follows: given a nonnegative integer S, find the smallest number of coins from S,
that add up to S, given that an unlimited number of coins of each type is available.

(a) Suppose that dy = 1. A greedy algorithm makes change by using the larger coins
first, using as many coins as possible of each type before moving to the next lower
denomination. Show that this algorithm does not necessarily generate a solution
with the minimum number of coins. (10 pts.)

(b) Let ¢ > 2 be a positive integer and let S, = {1,¢,¢?,...,¢*'}. Show that for this
case, the greedy algorithm always gives a minimum solution. What is the total
number of solutions for a given S? (15 pts) '

2. Define S, as in the previous problem where d; = 1 and define M(S) to be the minimum
number of coins needed to make change for S cents.

(a) Give a recursive formula for M{S) where S is any integer. (It is convenient to
define M(S) = oo for § < 0.) (10 pts.)

(b) Make use of part {a) to give a dynamic programming solution to the coin changing
problem. (15 pts.)

3. Consider the problem of multiplying the following polynomials with integer coefficients:
p(x) = ag + 12 + ag2® + ... + ay_1zV 1
g(z) = bo + by + b + ... + by_1zV !

(a) Using divide and conquer, design an algorithm that can perform the multiplication
using O(N™%%) integer multiplications. (15 pts.)
Hint; '
(A +B) (C+ D) =AC + BC + AD + BD
BC + AD = (A + B) (C+D)-AC-BD.

(b) Show the recurrence relation for the algorithm and prove that it indeed performs
O(N'&3) integer multiplications. (10 pts.)
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4. A sorting algorithm is said to be stable if it preserves the relative ordering of equal
values. For example, if we have a set of ordered pairs: {(C,4),(D,3),(B,1),(4,3)}
that is sorted by a stable algorithm on the second component, then the result will be
{(B,1),(D,3),(A,3),(C,4)}. That is, (D,3) and (A, 3) will not change their relative
positions.?

(a) Determine which of the following sorting algorithms is stable and explain your
answers:

Figure 1: Directed graph

i. Mergesort (5 pts.)
ii. Quicksort (5 pts.)

(b) The following procedure assumes that each element in the n-element array A has
d digits, where digit 1 is the lowest-order digit and digit d is the highest-order
digit.

RADIX_SORT(A,d)

fori=1¢tod
use a stable sort to sort array A on digit i

Use induction to prove that RADIX_SORT works correctly. Where does your
proof need the assumption that the intermediate sort is stable? (15 pts.)
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5. Let G = (V, E) be a directed graph with vertices V' and directed edges E. A ver-
tex v is said to be reachable for a vertex u if there is a sequence of directed edges:
(u,21), (1, 2), ..., (Tk, v) from u to v. Each vertex is considered to be reachable from
itself. A strongly connected component (SCC} of G is defined to be a maximal subset
S of V such that every vertex in S is reachable from every other vertex in 3.

(a) Find, by inspection, all strongly connected components of the following graph in
Figure 1. {5 pts)

(b) Given a vertex v € V, define:

e DESC(G,v) = {u € V{u is reachable from v}
e PRED(G,v) = {u € V|v is reachable from u}
o REM(G,) = V\[DESC(G, ) U PRED(G, v)],
(i.e, REM(G, v} i8 the set of all v € V such that v is not in either DESC(G, v) or

PRED(G, v).) -

Prove that the@ ESCC containingv € G ig PRED(G,v) N DESC(G, v)} More-
over, any other SCC of GG is a subset of DESC{G+vY; T0); M(G,v).
(15 pts.)

{c) Use part (b) to design a recursive algorithm for finding the SCCs of a directed
graph. (5 pts)
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