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Select four out of five problems.
QUESTION 1.

The problems allow you to demonstrate your skill in applying the theoretical tools.
Justify your claims. Your proofs do not need to exhibit full technical detail. How-
ever, all relevant steps have to be presented clearly.

1. (25 total points) Undecidability
a. (5 points) Define decidable, recursive, and Turing-recognizable.

b. (20 points) Let M be any Turing machine. Is the question: “Is L(M) is
regular?” decidable?

QUESTION 2.

2. (25 total points) Languages

a. (5 points) Define regular language, context-free language, decidable language,
and Turing-recognizable language.

b. (20 points) For each of the following languages: what is the least class in the
language hierarchy in which the language is a member (e.g. regular languages
C context-free languages C decidable languages C Turing-recognizable lan-
guages)? Show proofs.

1. L= {a"aa"a|a € {a,b}* An=#,(a)}

2. L={v|ve {a,b}*A#a(v) <#p(v)}

QUESTION 3.
3. (25 total points) Complexity Classes
a. (5 points) Define complexity class, DTIME(-), NTIME(-), and NSPACE(-).

b. (20 total points) Show that each of the following classes is closed under the
given operations.
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1. NTIME(T(n)) under the operations of union and intersection.
2. NSPACE(S(n)) under the operations of union and intersection.

3. DTIME(T(n)) under the operations of union, intersection, and comple-
mentation.

QUESTION 4.

4. (25 total points) Finite State Automata

a. (5 points) Define finite state automaton, explain the Pumping Lemma for
reqular languages, and explain the usefulness on the Pumping Lemma for

regular languages.

b. (20 points) Let A/B — {wlwz € A for some z € B}. Show that if A is
regular and B is any language then A/B is regular.

QUESTION 5.

5. (25 total points) NP-completeness
a. (5 points) Define P, NP-hard, and N'P-complete.
b. (20 points) Show that the following problem is NP-complete.

Problem instance: A strongly connected directed graph G = (V. E') and
a bound K.

Question: Is there a subset E' C E with |E'| < K such that G = (V, E')
is strongly connected?
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Select four out of five problems.

QUESTION 1.

e 1. Let _
An(ﬂﬁ') = Gn-??n + an_lm'”'_l +- ot a4 ay

be a polynomial of degree n where the @; are numbers and z is an indeterminate.
The value of A,(z) at a point = = v, denoted by A,(v), is given by

Ap(v) = e ™ + Q1 VL 4 oo+ a1v + ag.

— (a) Show by mathematical induction that if all a; are nonzero, then A,(v) can
be computed using exactly n additions and » multiplications. {10 points)

— (b) Suppose that a, = 1, and that a; = 0 for all other a;. That is, A,(z) = 2™.
Computing A, (v) directly involves n—1 multiplications. However, this product
can be computed more efficiently. Show that An('v) can be computed in [loge n]
steps. (15 points)

QUESTION 2.

¢ 2. The usual definition of the Fibonacci function is given recursively as
fA)=1
F@) =2
fn)=fln—-1)+ fn-2)
— (a) Show that the number of additions necessargf to compute f(n) using the

above recursive definition is exponential in n. (15 points)
Help: You may use the following identity without proving it:

1 (1+v85\° 1 [1-vB\"
35 5

— (b) Give an O(n) algorithm for computing f(n). (10 points)
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QUESTION 3. - R

e 3. The continuous knapsack problem is defined as follows: We are given n objects
and a knapsack that has capacity m. Object 4 has weight w; and if a fraction z;,
0 < z; £ 1 of the i-th object is placed into the knapsack a profit x;p; is earned.

The goal is to fill the knapsack in such a way that the total profit is maximized. In

other words, given n objects, their associated weights {wy,ws, -+ ,w,} and their
associated profits {p1,ps, -+ ,pn}, maximize o ., ps; subject to D o< <1 Wiki <
m. : '

— (a) One greedy strategy for solving this problem would be to always choose
as the next object the object with the maximum profit. Show by means of an
example that this strategy does not necessarily yield the optimal solution. (10
points)

— (b) Write a correct greedy algorithm for solving the continuous knapsack prob-
lem. What is the asymptotic complexity of your algorithm? Explain your
answer, (15 points)

QUESTION 4.

» 4. Let A and B be n xn matrices of 0s and 1s and define the product as usual except
that now multiplication is interpreted as boolean "and” and addition is interpreted
as boolean "or”. _

— (a) Let A be the adjacency matrix of a directed graph with n vertices numbered
1,2,-++,n. Prove that for any &k = 1,2, ,n, element A*[¢, 7] in row ¢ and
column j of A* is equal to 1 if and only if there is a path from node i to node
j. (11 points)

— (b) Let A be the adjacency matrix of a directed graph & with n vertices and
let

A =L+A+A+. . 4 AT
where + means boolean "or”. Prove that A* is the adjacency matrix of the
transitive closure of G. (7 points)
(Note: The transitive closure of a directed graph G is defined to be the directed
graph G* whose vertex set is that of G and whose edge set consists of all pairs
(4,4) of nodes for which there is a path from i to § in G.

— (c) Describe an efficient algorithm for determining the transitive closure of a
directed graph G with n vertices and determine its complexity in terms of big
O. (7 points)
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QUESTION 5,

5 Let Abeasetand f: A — {0,---,k —1}. The function f can be evaluated
in constant time. Assume that the set A has the following binary relations (for
a,be A):

a < bif and only if f(a) < f(b)
a < b if and only if f(a) < f(b)
a = b if and only if f(a) = f(b)

—a. Let B = A x A be the set of 2-tuples of the elements of A. Define the
following binary relation R for B such that ¢ R d (¢,d € B, ¢ = (¢&1,¢),
d = (dy, dp)) if and only if:

¢ < dy or
] = dl and [&)] S dg
Show that R is an total order relation for B (10 pts.)

— b. Give an O(n) algorithm for sorting a list of n elements of B according to

the order relation R. (Assume k << n) (15 pts.)
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