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Select four out of five problems.

QUESTION 1. [25 points]: Answer the following questions.
a. (9 points, 3 points each) Define time complexity, P and NP-class
b. (16 points) Let HALF-CLIQUE = {<G>: G is an undirected m-node graph

having a complete sub-graph with at least m/2 nodes}. Show that HALF-
CLIQUE is NP-complete.

QUESTION 2. [25 points]: Answer the following questions.
a. (8 points, 4 points each) Define Turing machine and decidable language.

b. (17 points) Demonstrate that the concatenation of two decidable languages
is a decidable language.

QUESTION 3. [25 points]: Answer the following questions.

a. (9 points, 3 points each) Define context-free grammar, context-free
language and state the Pumping Lemma for context-free languages.

b. (16 points) Is the language {0"102103": n natural} a context-free language?
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QUESTION 4. [25 points]: Answer each of the following items.

a. (8 points, 4 points each) Define finite state automata and regular language,
the latter without using finite-state automata in the latter definition.

b. (17 points) What is wrong with the following demonstration? Identify
clearly what is wrong, Justify your answer.

Claim: “{0"1": n natural} is a regular language.”

Demonstration of the claim: “Let A be the null string. Consider the
following inductive process:

Basis: So = {1} is regular.

Induction: For each natural number n > 0; If Sy.1 is regular, then S, = {0}S..
1{1} is regular.

Proof of the induction: The concatenation of regular languages is regular.
Conclusion: {0"1": n > 0} is regular.

QUESTION 5. [25 points]: Answer each of the following items.
a. (8 points, 4 points each) Define computable function and map reduction.

b. (17 points) Show that Atm = {<T, w>: T a Turing machine, w a string and T
accepts w} is not map reducible to Erm = { <T>: T is a Turing machines, and L(T)
= ¢}. (Hint: construct a contradiction with known properties of Aty and Erm or
their complements).
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Select four out of five problems.

QUESTION 1.:

1. (25 points) Let dy,ds, --- ,d,, n > 2, be positive integers. Use induction to prove that
if di +dy + --- +d, = 2n — 2, then there exists a tree with n vertices whose degrees are
exactly dy, dy, - -+ .d,.

QUESTION 2. [25 points]:

2.(a) (15 points)Given n matrices My, Ms, - - - , M, where each matrix M; has r;_; rows and
r; columns. Write the pseudo code of a dynamic programming algorithm that parenthesizes
the product My - My - --- - M,, so as to minimize the total cost, assuming that the cost of
multiplying an r;_; x r; matrix by an r; X r;y; matrix is r;_yrrig.

(b) (10 points) Use the algorithm to determine the minimum cost of multiplying four
matrices My MMz M where My is 10 x 20, M, is 20 x 50, M3 is 50 x 1, and M, is 1 x 100.

QUESTION 3. [25 points]:

(10 points)  a) Describe a greedy algorithm for producing optimal binary character code
known as Huffman code.

(6 points) b) Assuming that the weights are stored in a heap, determine the complexity
of your algorithm.

(6 points) c) Find the Huffman codes for the character set {A, B, C, D, E, F} where the
respective weights are 28,5,15,16,29,7.

(3 points) d) Referring to the code developed in part (d), estimate the number of bits
needed to encode a random permutation of As, Bs, and Cs where A occurs 28,000 times, B occurs
5,000 times and C occurs 15,000 times.
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QUESTION 4. [25 points]:

(12 points) a) Let G be a directed graph with vertices labeled 1, 2, ..., n and let A be the
adjacency matrix of (G. Use mathematical induction to show that for any positive integer
k. the number of walks of length k& from vertex i to vertex j is given by lf'J (the element
in the i-th row and the j-th column of A*). Note that a walk is like a path, except that a
walk can pass through the same vertex any number of times.

(5 points) b) A directed graph G is said to be primitive if there exists a positive integer
k such that for every pair of vertices i and j of G there is a walk of length k from i to
j. The minimum value of k is called the exponent of G. Let G be a directed graph with
four vertices 1,2,3,4 and five edges (1,2),(2,1),(2,3), (3.4 ), (4,2). Is this graph primitive?
Explain your answer.

(8 points) c) Give an algorithm for finding the exponent of a primitive directed graph
and prove that it is correct.

QUESTION 5. [25 points]:

The 7 queens problem is the problem of placing 7 queens on an 7z X n chessboard in such

a way that no two queens are in the same row, the same column or the same diagonal. We
can represent a solution of the n queens problem by a sequence z,,z,,--- , z,, of integers
1,2, --- ,n where each r; = j if and only if queen number i is in column number j.

(5 points) a) Determine a solution X, X2, Xs, X+ of the 4 queens problem.

(20 points) b) Give the pseudo code for a backtracking algorithm that solves the 7 queens
problem.



