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1. (12 points) Pete claims that L = {0"1™ : n,m > 0} is not regular. His
proof is the following: Assume that L is regular. Let p be the pumping
length of L just as established in the pumping lemma. Choose the string
w = OP1P € L. It is well-known that w cannot be pumped because such
operation introduces imbalances in the string. Thus, L cannot satisfy the
pumping condition and therefore, it cannot be regular. Is Pete right or
wrong? Justify your answer.

2. (12 points) Let X* be the set of all strings over an alphabet X and let
XV denote set concatenation. Given two different alphabets A and B,
prove formally that A(BA)* = (AB)*A.

3. (14 points) Prove or disprove the following claim: Any language over a
single-letter alphabet is context-free.

4. (14 points) Is it decidable whether a Turing machine with input alphabet
{0, 1} accepts the null string? Provide a formal answer.

5. (12 points) Design a deterministic finite automaton that accepts the lan-
guage of all strings over the alphabet {0, 1} that satisfies:

(a) The length of the string is even, and;

(b) If S = Sp- -+ S2n—1 is one such string (n > 0), then it must satisfy
Sa; = S2441, fori=0,1,..,n— 1.

6. (12 points) Is L = {w € {0, 12}* : whas an equal number of 0's 1's, and 2's}
Turing-decidable? Justify your answer.

7. {12 points)

(a) (8 points) Define formally context-free grammar (2 points), context-
free grammar in Chomksky normal form (CNF) (2 points), and con-
struct a context-free grammar in CNF for generating L = {0"1" :
n > 0} ({ points).

(b) (4 points) Prove formally that finite languages are regular.
8. (12 points)
(a) (6 points) Define formally P, NP, polynomial time reducibility, and

NP-complete (2 points each).

(b) (6 points) Show that SAT = {¢ : ¢ is a Boolean satisfiable formula}
is NP (8 points). What would it mean to prove SAT € P? Justify
your answer (& points).
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1. (15pts) For the simple directed graph G = (V, E) represented in the following figure:

O—O—C—®

a)  (3pts) Write the set of vertices V and the set of edges E

b) (3pts) Write the adjacency-matrix representation of G

¢) (6pts) Given the following algorithm (Warshall’s algorithm for Transitive Closure) for
the adjacency matrix of size n by n, M = (M(i,)),,,.:

for k := 1 to n do
for i := 1 to n do
for j := 1 to n do
if ( M(i,k) = M(j,k) = 1)
then M(1i,3) :=1
end
end
end

From the result of part b) above, using the Warshall’s algorithm for transitive closure,
show the new M matrix for each of the four stepsk =1,2,3,4

d) (3pts) Draw the new graph resulting from k = 4 in part c) above.

2. (10pts) Solve the following recursive function (defined on n > 0) where « is a positive
integer and 3 is a fixed constant:

Tn) =1, if n <a,
T(n)y=BT(n—o)+1, if n>a

w2

(15pts) The Fibonacci integer sequence is defined by:

fO) =1
f(h=1
fy=fn=2)+f(n—1, n=2

a)  (7pts) Show that the Fibonacci sequence is monotone nondecreasing (meaning that if
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m < n,then f(m) < f(n)).

b) (8pts) Show that: Yn>2, /2" <fmy <2

4. (20pts) You are a robot facing an infinitely long wall and your task is to find a door in the
wall. You are only allowed to walk along the wall to your left or to your right, and at any
time, you may turn and walk in the opposite direction. Assume that the door is an integer
number of steps away. In each case, describe an appropriate strategy to try to artive at the
door in as few steps as you can. As a function of the (possibly unknown) distance to the

door, what is the number of steps if

a) (Spts) you know that the door is to your left.

b) (5pts) you don’t know where the door is, but you know that it is 7 steps away.

¢) (5pts) you don’t know where the door is, but you know that it is within n steps away.

d) (Spts) you neither know where the door is, nor how far away it is. For this part, what is
the asymptotic order of the number of steps in terms of the distance from the door?

5. (20pts) Let S be a set of disjoint line segments (in R?) whose left endpoint lies in the line
x = 0 and whose right endpoint lies in the line x = 1. These segments partition the vertical
strip [0, 1] x (— 00, 00) into n + 1 regions. The purpose of this exercise is to design efficient
dynamical data structures for solving the following query problem:

Determine the region containing a given query point P.

You may assume, for simplicity, that the point lies inside the strip. Parts a) and b) are inde-
pendent.
2) (10pts) Explain how to construct a dynamical data structure based on a doubly linked

list in time © (nlog 1) to solve the above query problem. In a few sentences describe
an algorithm to solve the query problem and do a brief analysis of its running time.
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b) (10pts) Design a dynamical data structure that solves the query problem in time
O (log n) . In a few sentences describe the underlying data structure and the time to
build it. Describe the algorithm to solve the query problem, in particular do a brief

analysis of its execution time.

6. (20pts) Let G = (V, E) be an undirected graph. We say that G is a bipartite graph, if and
only if there exists two non-empty disjoint sets V‘ and V, such that if (u, v)isin E, then
either uisin Vx and v in V2 ,Or L isin V2 and v in Vl .

a) (6pts) Determine which of the following graphs is bipartite. In case it is, identify the
sets V and V.

Figure 2. Graph B of Problem 6, b)

b) (10pts) Design an algorithm based on BFS (Breadth First Search) to determine if a
given graph is bipartite.

¢) ({(4pts) What is the running time of your algorithm?
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1. (20 points) In the following exercises assume that the floating point numbers are in IEEE 754 format.
Show your calculations. Your calculations must demonstrate a correct understanding of the underlying

algorithms.

a) Find the decimal equivalent for each of the following numbers (4 points)

11111000010101000000000000000000

00000111100111000000000000000000
b) Find the floating-point equivalent for each of the following numbers (4 points)

1152 =

-6.25 =

c) Given the floating-point numbers A and B, perform the operations indicated below. Write each
result in floating-point format. (12 points)

A =00000111111001000000000000000000
B =10000110111111000000000000000000

A+B=

A-B=

AxB=
2. (10 points) Assume a SPARC like “register windows” scheme with four windows. Given the following
sequence of subroutine calls, indicate when an “overflow trap” or an “underflow trap” occurs in the
sequence. A letter “c” before the letter that identifies the subroutine indicates a call to the subroutine while
a letter “r” after the letter that identifies the subroutine indicates a return from the subroutine. Subroutine A

occupies the first window. Remaining windows are free. Use an “O” to indicate an overflow trap and a “U”
to indicate an underflow trap.

cAcBcCcDCETEcGrGrDcM ™M cNrtNcDrDecM cH cJcL rL cXrX cZrZ cL rL rJ rH tM rC B
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3. (25 points) Using the SPARC instructions included in the attached handout, write an assembly level
program. The program should multiply by 1000 each of the 200 words located from memory address 64
and thereafter. The result of each multiplication must replace the value in the original memory location
before the multiplication. Assume that the result is expressed in 32 bits. Each multiplication must be
performed by a subroutine call.

4. (25 points) Show a sequence of at least 10 memory accesses which produces a larger number of hits in
cache direct map than in four-way associative under first-in-first-out replacement mode. Assume the
following:

The architectural memory is 1024 bytes
Each cache block has four bytes
Each cache has eight blocks

5. (20 points) Suppose a RISC processor uses the simple 5-stage pipeline where the stages are

Fetch instruction from memory (IF)
Fetch operands and decode(Reg)
ALU operation(ALU)

Memory access (Data access)
Register write (Reg)

Suppose further that:

There is a single memory for both instruction and data, which can only support one read or write
each cycle.

There is no “forwarding” in the pipeline. Thus, if an instruction B relies on a value written into a
register by an instruction A, then the execute stage for B cannot proceed until the register write
stage for A has completed.

An instruction cannot be fed into the pipeline until the hardware knows that the instruction should
be executed. In the case of a branch instruction, the next instruction to feed into the pipeline
becomes known when the execute stage of the branch instruction has completed. Assume that a
branch is not a delayed branch.

In the absence of hazards, a new instruction can be fed to the pipeline every cycle.

Assume that a memory access takes at least two cycles.

Let M][c] denote contents of memory location ¢ and R[ra] denote contents of register ra. Suppose we
have the following instructions available in a generic computer architecture:
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load ra, c(rb)
add ra, rb, rc
beqra, 1b, c

store ra, c(rb)

Load the contents of memory location M[c+R[rb]] into register ra.

Add contents of register rb and rc and save result in register ra

If the contents of ra is equal to the contents of rb, branch to address location ¢
Store contents of register a into memory location M[c+R[rb]].

Consider the following code:

load rl, 0(r2)
load r3, 12(r4)

add r5,
beq r5,

rl, r3
r5, L1 # if (R[5

store r5, 0(r3)
Ll: store r5, 12 (r4)

a) (10 points) Show a diagram that demonstrates how the sequence of instructions flows through the
pipeline cycle by cycle.

b) (10 points) How many cycles does this code take to complete? Show your calculations.

upR
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PC - Program Counter r0-r7 (g0-g7) - global registers
nPC - Next Program Counter
IRRlnstuction]Registen r8-r15 (00-07) - output registers
Y - Multiply Step Register
TBR - Trap Base Register
WIM - Window Invalid Mask

CWP - Current Window Pointer

r16-r23 (10-17) - local registers

r24-r31 (i0-i7) - input registers

PSR - Processor Status Register
r0-r31 - Integer Registers
fO-f31 - Floating Point Registers

5 ] 5 ]

g : SPARC: Instruction Formats g : SPARC: Instruction Formats
*
® / Floating Point
® / Data Movement

?
s branches

L
<
>
-
c

313029 2524 1918 14 13 12
op rd op3 rsl opf rs2
op rd op3 rsl asi rs2

op rd op3 rsl simm13

i d
@
=9
>
]
= ®
>
E

op - opcode formato 1 . 2% bytes
op2 - opcode formato 2

op2 - opcode formato 3

rs1 - registro fuente 1

rs2 - registro fuente 2

rd - registro destino

simm13 - namero inmediato con signo . )
i - registro o valor inmediato . « Big-endian

opf - sub-opcode para punto flotante

disp22 - desplazamiento de 22 bits Address Data

disp30 - desplazamiento de 30 bits i Location 300 has the value

a - annul bit para branches = of DOFOC70A
cond - seleccion de condicion para branches

« Sizes:
+ Bytes (8 bits)
+ Halfword (16 bits)
+ Word (32 bits)
+ Doubleword (64 bits)
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SPARC: Load/Store Instructions

Mnemonic  op3

Meaning

1dsb 001001
ldsh 001010
1d 001000
1dub 000001
1duh 000010
ldd 000011
stb 000101
sth 000110
st 000100
std 000111

001111

Load signed byte

Load signed halfword
Load word

Load unsigned bytes
Load unsigned halfword
Load doubleword

Store byte

Store halfword

Store word

Store doubleword

Swap register with memory word

SPARC: Examples of Load/Store

Instructions
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Instruction

loc18 loc62

loc304

before 360

1d [%r4 + %r5], %r1

after 360

before 360

1d [%r4 - 12], %r5

after 360

before 360

st %r1, [%r5 + 300]

after

360

SPARC: Arithmetic and Logic

Instructions

2000

2000

2000

2000

2000

40
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« op=10

« S - set condition code bit (S=1 allows modifying CC)

« Assembly examples:

Instruction

AATTTT, oIS, 770
subcc %r4, - 30, %r1
sub %r2, %r3, %r7
sll %r1, %r6, %r5

Note: When an instruction is allowed to modify the condition codes the extension
“cc” is added to the mnemonic of the instruction (sub when S=0, subcc when S=1)
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SPARC: Load/Store Instructions

s op=11

« Effective address:
[rs1] + [rs2] Icontent of rs1 + content of rs2
[rs1] + simm13 /content of rs1 + content of simm13

« Assembly examples”:

Instruction

Id [%r4 + %r5], %r6
Id [%r4 - 12], %r1

st %r2, [%r3 + 300]
st %r1, [%r6 + %r5]

SPARC: Arithmetic and Logic
Instructions

Mnemonic  op3 Meaning

080000  add

0S1000 add with carry

0S0100 substract

0S1100 substract with carry

0S0001 and bitwise

0S0101 nand bitwise

0S0010  or bitwise

0S0110 nor bitwise

0S0011 xor bitwise

0S0111 xnor bitwise

100101 shift left logical by rs2 or simm13
100110 shift right logical by rs2 or simm13
100111 shift right arithmetic by rs2 or simm1

SPARC: Examples of Arithmetic and
Logic Instructions

Instruction r

before 40
add %r4, %r5, %r1
after 62

before 40
sub %r4, - 12, %r5
after 40

before - 128
sra %r1, %r5, %rd
after -128




SPARC: Branch Instructions SPARC: Branch Instructions

If a=1 (the annul bit) and the jump takes place the
instruction following the branch is executed.

M i Meani
nemonic op eaning If a=1 and the jump does not take place the instruction
following the branch is annuled (not executed).

00 Jump always

00 Jump if equal

00 Jump if not equal

00 Jump if less or equal

00 Jump if carry=0

00 Jump if carry=1
Jump if negative

00 Jump if overflow=0

00 Jump if overflow=1

If a=0 the instruction following the branch is always
executed.

The effective address of the branch is PC + 4*disp22
Assembly examples:

Instruction disp22

bneg, a, -120 120 (a=1)

P00000OOOOLOLOLOLGG
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, SPARC: Examples of branch
=@ Instructions

. Mnemonic op op3 Meaning
Instruction PC sequence

jump do not jump

call 01 Jump a save PC in r15

be +300 1000 1000 jmpl 10 111000 Jump asave PCinrd
1004 1004
1300 1008

bneg, a, -120 4000 4000
4004 4008
3880 4012

Subroutine instructions are delayed

The effective address of the “call” instruction is PC +
4*disp30 before

The effective address of the “jmpl” instruction is rs1 +

1l after
rs2 or rsl +simml3

) . . before
Ejemplos de “assembler’ i jmpl %r4, %r6, %r1
*

call 4008 Stter

jmpl %r4  %r6 %r1

jmpl %r4 12 %r0 before

= @ jmpl %r4, 12, %r0

after




SPARC: Examples of Register Windows
Instructions

Mnemonic  op Meaning

Instructi
save 10 If WIM(CWP-2)=0 nstruction

CWP = CWP-1; WIM(CWP)=1);
rd=rsl+rs2 or rd=rsl+simm13
If WIM(CWP-2)=1
Overflow trap

save %r4, %r5, %r1

restore 111101 If WIM(CWP+2)=0
CWP = CWP+1; WIM(CWP)=0);
rd=rsl+rs2 or rd=rsl+simm13
If WIM(CWP-2)=1
Underflow trap

restore %r4, - 12, %r5

Assembly examples: save %r4, %r5, %r1
restore %r4, -30, %r1 .

P00000OOOOLOLOLOLGG

SPARC: Other Instructions

Mnemonic op op2 Meaning

sethi 00 100  Place the 22 bits inmediate value in
the most significant 22 bits of rd. The
remaining 10 bitstake a value of 0.

Example:

Instruction r

before ACC3D5B0h
sethi 3FFFFFh, %r1
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after FFFFFC00h




