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Select four out of five problems.

QUESTION 1. [25 points]:

In SPARC branch instructions, software trap instructions and the call instruction can change the normal
execution of a machine code program. With respect to the SPARC architecture answer the following:

(5 points)

(5 points)
(5 points)
(5 points)

(5 points)

a)

In addition to branch instructions, software trap instructions and the call instruction
mention all the instructions that can change the normal execution of a machine code
program.

Explain how the trap instruction operates.

Explain the difference between a call instruction and a branch instruction.

Explain the difference between a call instruction and a trap instruction.

Explain the difference between software traps and hardware traps.

QUESTION 2. Caches and Memory [25 points]:

For a cache with a 4-cycle hit latency and a 90% hit rate, the latency to memory and the cache miss
penalty together is 125 cycles.

a) (12 Points) Calculate the average memory access latency.

b) (13 Points) Calculate the number of cycles due to cache stalls (misses).
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QUESTION 3. [25 points]:

Consider the following IEEE Standard 754 floating point numbers:
A =00111101110110000000000000000000

B =00111110101010000000000000000000

Determine the following with precision:

a) A + B (6 points)

b) A — B (6 points)

c) B — A (6 points)

d) A x B (7 points)

QUESTION 4. Pipelining [25 points]:

Consider a SPARC machine with a 5-stage pipeline with a cycle time of 10ms. Assume that you are
executing a program where a portion, p, of all instructions immediately follows a load upon which they
are dependent.

(a) [10 points] What is the total execution time for z instructions, in terms of p if forwarding is enabled?
(b) [15 points] Consider the case where the MEM stage, along with its pipeline registers, needs 12ms.
There are two possible alternatives: 1) to add another MEM stage so that there are MEM1 and MEM2
stages or 2) to increase the cycle time to 12ms so that the MEM stage fits within the new cycle time and

the number of pipeline stages remains unaffected. When is the first option better than the second?

Your answer should be in terms of p as well. Discard any fill cycle to simplify the analysis.



R D
PO, in CISE

Doctoral Program in Computing and
Information Sciences and Engineering

Universidad de Puerto Rico
Recinto Universitario de Mayagiiez

QUESTION 5. [25 points]: A microprocessor has a load word instruction LDR that can be specified
with different addressing modes. One of them is Immediate Post-Indexed. For this addressing
mode there is a general purpose register referred as Rn that is specified with bits 16 to 19 of the
instruction. The destination register is also another general purpose register (Rd) specified with bits
12 to 15 of the instruction. The effective address is the base register Rn. The base register is
updated by adding/subtracting and immediate offset of 12 bits (specified with bits O to 11 of the
instruction) to the base register. Bit 23 of the instruction determines if the offset is added (1) or
subtracted (0).

effective address = Rn
Rd = content of effective address
Rn = Rn +/- offset12

For the following data path show which values (zero or one) should every control signal has on each
state to execute the LDR instruction (use the following page for your answer). You only need to
specify the cycles after the fetch. If it is necessary to modify the data path or any of its components
show the modifications and take them into consideration in your answer. (25 points)
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A2-A0 OuUT
000 B

001 B+4
010 A+B
011 A-B
100 AorB
101 A and B
110 SAR B
111 SLL



« PC - Program Counter

r0-r7 (g0-g7) - registros globales

« nPC - Next Program Counter

s IR - Instruction Register r8-r15 (00-07) - registros de salida
« Y - Multiply Step Register

. TBR - Trap Base Register r16-r23 (10-17) - registros locales
u WIM - Window Invalid Mask

« CWP - Current Window Pointer r24-r31 (i0-i7) - registros de entrada
« PSR - Processor Status Register .

u r0-r31 - Integer Registers

« f0-f31 - Floating Point Registers

SPARC: Formatos de Instrucciones SPARC: Formatos de Instrucciones

- branches
- sethi

313029282524 2221
op |a ‘cond op2
op rd op2

- Floating Point
- Data Movement

>
-
c

313029 2524 1918 14 13 12 54

op rd op3 rsl opf rs2
op rd op3 rsl asi rs2
op rd op3 rsl simm13

=
=}
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- : SPARC: Claves para Formatos de
= Instrucciones

u op - opcode formato 1
u op2 - opcode formato 2
. op2 - opcode formato 3 « Tamanos:
u rs1 -registro fuente 1 . Bytes (8 bits)
u rs2 -registro fuente 2 . Halfword (16 bits)
v rd - registro destino . Word (32 bits)
v simm13 - nimero inmediato con signo . Doubleword (64 bits)
i -registro o valor inmediato . R .
u opf - sub-opcode para punto flotante v B’g'end’an
. n n Address Data
v disp22 - desplazamiento de 22 bits . 300 Do La localizacién 300 tiene
. disp30 - desplazamiento de 30 bits 301 Fo
u a-annul bit para branches . 302 C7 el valor de DOFOC70A
. cond - seleccién de condicién para branches 303 0A




3 : SPARC: Instrucciones Aritmeéticas y
=3 Logicas
2

Mnemonic __op3 Meaning

add 080000  add
addx 0S1000 add with carry
sub 050100 substract
subx 0S1100 substract with carry
and 050001 and bitwise
andn 050101 nand bitwise
or 050010 or bitwise
orn 0S0110 nor bitwise
xor 0S0011 xor bitwise
0S0111 xnor bitwise
sll 100101 shift left logical by rs2 or simm13
srl 100110 shift right logical by rs2 or simm13
sra 100111 shift right arithmetic by rs2 or simm1

Instruccién r

antes 40
add %r4, %r5, %r1
después 62

antes 40
sub %r4, - 12, %r5
después 40

antes -128
sra %r1, %r5, %rd
después -128

overflow bit que se genera es un tagged overflow
que se determina como sigue:

v =1 sielbit 100 de cualquiera de los operandos fuentes
es distinto de cero o la suma genera un overflow aritmético

v=0 para cualquier otra condicién

« taddcctv opera como taddcc si v=0, pero si v=1
entonces produce un trap, la suma no ocurre y los
condition codes no se alteran.

3 : SPARC: Instrucciones Aritmeéticas y
=3 Logicas

31 3029 2524 1918 14 13 12 54 0
‘ op ‘ rd ‘ op3 ‘ rsl ‘ 0 ‘ asi ‘ rs2
‘ op ‘ rd ‘ op3 ‘ sl ‘ 1 ‘ simm13

« S - set condition code bit (S=1 permite alterar CC)
« Ejemplos de “assembler”:

I . 2 y imm13
add %r7, %r5, %ré

subcc %r4, - 30, %r1

sub %r2, %r3, %r7

Nota: Para permitir alterar los “conditiol
“ onic” de la instri ion b a

Mnemonic __op3 Meaning

taddce 100000 tagged add and modify icc
taddcctv 100010 taddcc and trap on overflow
tsubce 100001 tagged substract and modify icc
tsubccty 100011 tsubcc and trap on overflow
mulscc 100101 multiply step and modify icc
umul 0S1010 unsigned integer multuply
smul 0S1011 signed integer multuply

udiv 0S1110 unsigned integer divide

sdiv 0S1111 signed integer divide

u Yrd=rs1xrs26

u Yird =rs1x simm13 (sign extended)

- Los condition codes N y Z se modifican

de acuerdo al resultad de rd.

- smul es similar a umul excepto que los
operandos se consideran con signos




SPARC: Instrucciones load/store SPARC: Instrucciones load/store

31 3029 2524 1918 14 13 12 54 0
[op [ rd [ op3 i [rs2 |
‘ op ‘ rd ‘ op3 ‘

Mnemonic  op3 Meaning

1dsb 001001 Load signed byte

1dsh 001010 Load signed halfword

1d 001000 Load word

1dub 000001 Load unsigned bytes

1duh 000010 Load unsigned halfword

1dd 000011 Load doubleword

stb 000101 Store byte

sth 000110 Store halfword

st 000100 Store word

std 000111 Store doubleword
001111 Swap register with memory word

op =11

Localizacion efectiva:
[rs1] + [rs2] el ido de rs1 + el ido de rs2
[rs1] + simm13 /el contenido de rs1 + valor inmediato simm13

Ejemplos de “assembler”:

5 ; —
Id [%r4 + %r5], %r6 4

Id [%r4 - 12], %r1 12

st %r2, [%r3 + 300] 300 @

o000 OOOOOOLOLOGOGES
o000 OOOOOOLOLOGOGES

SPARC: Ejemplos de Instrucciones

SPARC: Instrucciones de Brinco
load/store

Instruccion loc18 loc62 loc304 - Por cédigos condicionales de enteros

antes 360 2000
1d [%r4 + %r5], %r1

después 360 2000 - Por cédigos condicionales de punto

flotante
antes 360 2000
1d [%r4 - 12], %r5

después 360 2000 - Por cédigos condicionales de

Coprocesador
antes 360 2000

st %r1, [%r5 + 300]
después 360 40

Psos0OOOOOLOLOLOLOGES
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SPARC: Instrucciones de Brinco por ! » SPARC: Instrucciones de Brinco
Codigos Condicionales de Enteros Condicional

Mnemonic _cond Meaning Flags test
1000  Brinca siempre 3130 2928 2524 2221
0000  Brinca nunca ‘ 00 ‘ a ‘ cond ‘ 010 ‘ disp22
1001  Brinca si no igual notZ
0001  Brinca si igual z
1010  Brinca si mayor not (Z or (N xor V)) . La localizacién efectiva del brinco es PC + 4*disp22
0010  Brinca si menor o igual Z or (Nxor V)
1011  Brinca si mayor o igual not (N xor V) (PC=nPC,
0011  Brinca si menos NxorV nPC = PC + 4*disp22)
1100  Brinca si mayor sin signo not (C or Z) .
0100  Brinca si menor o igual sin signo (CorZ) - « Ejemplos de “assembler”:
1101 Brinca si carry=0 not C neraceion disp22
0101 Brincasi carry=1 c : P
1110 Brinca si positivo not N be +300 +300
0110 Brinca si negativo N & ®  bneg, a,-120 120 (a=1)
1111 Brinca si overflow=0 not V >
0111  Brinca si overflow=1 A\ Py

Psos0OOOOOLOLOLOLOGES




SPARC: Instrucciones de Brinco
Condicional

SPARC: Ejemplos de Instrucciones de
Brinco Condicional

Si a=1 (el annul bit) y se da el brinco la instruccién que sigue el
branch se ejecuta y luego se brinca.
PC = nPC (normalmente PC + 4), nPC = PC + 4*disp22 Loc Instruccion Brinca No brinca
PC nPC PC nPC
Si a=1y no se da el brinco la instruccion que sigue el branch se
anula (no se ejecuta) y se ejecuta la que sigue .

1000 be +300 1000 1004 1000 1004
1004 1300 1004 1008

PC=PC+8 nPC=PC+12 1300 1304 1008 1012

Si a=0y se da el brinco la instruccién que sigue el branch se

ejecutay luego se brinca. 4000 bneg, a, -120 4000 4004 4000 4004

o - i 4004 3880 4004 4008
PC = nPC (normalmente PC + 4), nPC = PC + 4*disp22 3880 3884 2008 4012
Si a=0y no se da el brinco la instruccion que sigue el branch se

ejecuta y luego la que le sigue a esta. No se ejecuta

o000 OOOOOOLOLOGOGES
o000 OOOOOOLOLOGOGES

PC =nPC, nPC =nPC+4 .

- : SPARC: Delayed Control-Transfer
=3 Couples (DCTI)
2

12 CTI1 40 16 CTI 60 Order of Execution

incondicional es una instruccion de brinco (una
instruccion de brinco no puede seguir una de
brinco condicional)

DCTI Uncond. | DCTI taken 12,16,40,60,64, ...

DCTI Uncond. | B¥cc(a=0) untaken | 12,16,40,44, ...

DCTI Uncond. | B*cc(a=1) untaken | 12,16,44,48, ... (40 annulled)
DCTI Uncond. | B*A(a=1) 12,16,60,64, ... (40 annulled)
La secuencia de ejecucion de instrucciones BrA(a=1) any CTI 12:40,44, ... (16 annulled)
depende de la combinacion de Instrucciones CTI . B e 12, unpredictable
(control tansfer instructions)

—» BA, FBAoCBA
—» Bicc, FBfcc, o CBcce
=® DCTl uncond. =% CALL, JMPL, RETT, o B*A (con a=0)
=4 DCTltaken =% CALL, JMPL, RETT, B*A (con a=0), o B*cc taken

3130 29
(ot ]

Mnemonic op op3 Meaning

call 01 Brinca y guarda PC enr15 Operacion:
jmpl 10 111000 Brinca y guarda PC en rd

r15=PC

PC =nPC
u Las instrucciones de subrutinas son de tipo “delayed”

nPC = PC + 4*disp30

Ejemplo de “assembler”

call 4008




SPARC: Ejemplos de Instrucciones de

PARC: I ion j. 1
SPARC: Instruccion jmpl Subrutinas

313029 2524 1918 1413 12
[10 ] ra ] 111000 [ rst [0 |
[10 [ ra | 111000 [ rst |1 |

Instruccién

antes

call 4008

Operacion:
rd=PC

PC =nPC

después

antes
jmpl %r4, %r6, %r1

después
nPC =rs1+rs2ors1+simmi13
antes
Ejemplos de “assembler” jmpl %ré4, 12, %r0

. después
jmpl %r4 %r6 %r1

jmpl %ord 12 %r0 (Return from subroutine) .

o000 OOOOOOLOLOGOGES
o000 OOOOOOLOLOGOGES

SPARC: Instrucciones Save y Restore SPARC: Instrucciones Save y Restore

31 3029 2524 1918 14 13 12 54 0
‘op‘rd‘ op3 rsl 0‘ asi ‘rsz‘

Mnemonic op op3 Meaning ‘ ‘
‘op ‘ rd ‘ op3 ‘rsl ‘1‘ simm13 ‘

save 10 111100 If WIM(CWP-1)=0
CWP =CWP-1; (nueva ventana)
rd=rsl+rs2 or rd=rsl+simm13
If WIM(CWP-1)=1
Overflow trap

Los registros fuente de la op. i6n de suma corresponden a la

ventana original a la que apunta el CWP antes de la ejecucion de
las instrucciones Save or Restore.

restore 10 111101  If WIM(CWP+1)=0
CWP = CWP+1; (ventana de retorno)
rd=rsl+rs2 or rd=rsl+simm13
If WIM(CWP-1)=1
Underflow trap

El registro destino de la operacién de suma corresponde a la
nueva ventana a que apunta el CWP como consecuencia de la
ejecucion de las instrucciones Save or Restore.

La operacion de suma no se lleva a cabo si ocurre el trap.

Ejemplos de Assembler:
save %r4, %rS5, %r1
restore %r4, -30, %r1

*
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PARC: Ejemplos de Instrucciones Save y
estore si no Ocurre Underflow o Overflow

SPARC: Instrucciones de trap por
Codigos Condicionales de Enteros

Mnemonic _cond Meaning Flags test
ta 1000  Brinca siempre

tn 0000  Brinca nunca

tne 1001  Brinca si no igual notZ
te 0001  Brinca si igual Z
tg 1010  Brinca si mayor not (Z or (N xor V))
tle 0010  Brinca si menor o igual Z or (N xor V)
tge 1011  Brinca si mayor o igual not (N xor V)
tl 0011  Brinca si menos N xor V
tgu 1100  Brinca si mayor sin signo not (C or Z)
tleu 0100  Brinca si menor o igual sin signo (CorZ)
tee 1101 Brinca si carry=0 not C
tes 0101  Brinca si carry=1 ©
tpos 1110  Brinca si positivo not N
tneg 0110  Brinca si negativo N
tve 1111 Brinca si overflow=0 not V
tvs 0111  Brinca si overflow=1 A\

LS

Instruccién

antes
save %r4, %r5, %r1
después

antes
restore %r4, - 12, %r5
después

Psos0OOOOOLOLOLOLOGES
Psos0OOOOOLOLOLOLOGES




5]

PARC: Instrucciones de Trap
ondicional

SPARC: Instrucciones de Trap
Condicional

Q

3130 2028 2524 1918 14 1312
[10 [* [cond[111010 ] rst o]
[10 [* [cond|111010 [ rs1 |1

Si la condicién es cierta y no existen interrupts o traps de
mayor prioridad pendientes entonces se genera un trap.
Si la condicion no se da la instruccion se comporta como
un NOP.

* reservado
Cuando se da el trap, en el campo tt del Trap Base Register
(TBR) se escribe 128 mas los 7 bits menos significativos

Ejemplos de “assembler”: de rs1 +rs2 6 rs1 + imm7 (signo extendido).

Una vez se genera el trap el procesador entra en modo
supervisor, inhabilita los traps (ET=0), decrementa el CWP
(nueva ventana), y guarda el PC en el registro r17 y el nPC
en r18. Entonces el PC=TBR y nPC=TBR+4

Instruccién
te software_trap#
tl 15

so0b0000OOLOLGS

o000 OOOOOOLOLOGOGES

SPARC: Instruccion de Retorno de
Trap - rett

31 3029 2524 1918 14 13 12 54 0
[oo [ d | o8 i m |
op3 ‘

Trap #0 (4 instrucciones)

Trap #1 (4 instrucciones)

Mnemonic op op3 Meaning

»
B @ f-taptype Trap #2 (4 instrucciones)
0 a 127 hardware traps rett 10 111001 If WIM(CWP-1)=0
S 128 a 257 software traps . = CWP = CWP+1;
~ ? ° ’

PC=nPC

PC = rd=rsl+rs2 =rs1+simm1.
Trap #253 (4 instrucciones) - :estCa urradsl;ise ;gs or rd=rsl+simm13
Trap #254 (4 instrucciones) = ET =1 (enable trap)

Trap #255 (4 instrucciones)

Mnemonic op op2 Meaning

sethi 00 100 Carga valor inmediato de 22 bits en

los 22 bits mas significativos de rd. Los
Jmpl %r17, %r0 } viejo PC restantes 10 bit menos significativos se
Rett %r18 } viejo nPC toman el valor de 0.
[
Jmpl %r18, %r0 } viejo nPC
Rett %r18 + 4 } viejonPC + 4

r

. i i = antes ACC3D5BOh
Un trap podria ocasionar otro trap. p——

después FFFFFC00h




: SPARC: Sintetizacion de Modos de

- SPARC: Sintetizacion de Instrucciones

=3 Acceso a Operandos
d

ret ‘ jmpl %r5, %r21, %r0 register add %r5, %r21, %r0
inmediate add %r5, +34, %r3
base-indexed Id %r5, %r21, %r2
displacement Id %r5, -15, %r6

®
move W) or %r0, %r1, %r6

register indirect st %r5, %r0, %ré
absolute st %r0, 1004, %r6
relative ba +3004
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Select four out of five problems.

QUESTION 1. [25 points]: This problem asks you to work with 4-ary heaps. A
4-ary heap is like a binary heap, but instead of 2 children, nodes have 4
children: left, first middle, second middle, and right. A 4-ary heap is asso-
ciated, like a binary heap is, with an array A which is linked with the 4-ary
heap as follows.

The root of the tree of the 4-ary heap is A[1], and given the index i in the
array A of a node of the tree of the 4-ary heap, the indices of the node par-
ent PARENT(i), left child LEFT(i), first middle child FIRSTMIDDLE(7),

second middle child SECONDMIDDLE(:), and right child RIGHT(i) are
computed as follows:

PARENT(7)

return |i/4]
LEFT(7)

return 4i
FIRSTMIDDLE(7)

return 4i + 1)
SECONDMIDDLE(%)

return 4i + 2
RIGHT(7)

return 4i + 3
A (12.5pts). You are given 85 distinct numbers and you are asked to store
them in a a complete 4-ary heap. In how many ways you can do it? Equiv-
alently speaking, how many different arrays of size 85 are needed to store
the 85 numbers in all possible different ways in the 4-ary heaps? Provide

reasons for your answer. You will get zero points if you do not provide rea-
sons supporting your answer even if it is correct.

1
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A 4-ary heap is said to be complete if every internal node has 4 children.

B (12.5pts). You are given 2014 distinct numbers to celebrate the New
Year and you are asked to store them in a 4-ary heap. Do the following

B1 (2.5pts). Calculate the height of the tree of the 4-ary heap storing the
given 2014 numbers.

B2 (10pts). How many nodes at the depth h — 1 does the tree of the 4-ary
heap storing the given 2014 numbers have which are leaves, have 1, 2, 3, or 4
children, respectively. Here h means the height of the tree of the 4-ary heap
storing the given 2014 numbers. Provide reasons for your answers. You will
get zero points if you do not provide reasons supporting your answers even
if they are correct.

QUESTION 2. [25 points]: This problem asks you to apply the breadh-first
search algorithm to the undirected graphs G, ,,, and K, ,,, which are defined

below, where n and m are natural numbers.

The graph G, ,»: Let V;, and V;,, be two sets having n and m elements, re-
spectively, and having exactly one element, say, ¢, in common, i.e. V,NV,, =
{c}. The set of vertices of G, ,,, is V;, UV,,. The set of edges of G, ,, is
{(uw,v) :u,v eV} U {(u,v) :u,v e V. }.

Comment. In Set Theory, the notation (u,v) means the ordered pair of u
and v; u is the first element of (u,v) and v is the second element of (u,v). In
the context of undirected graphs the notation (u,v) means a different thing.
It means that there is an edge between the vertices u and v.

The graph K, ,,: Let V, and V,, be two sets having n and m elements,
respectively, and such that V;, NV, = (. The set of vertices of K, ,, is
Vo U V5. The set of edges of Ky, is {(u,v) : u € V,; and v € V;,}. Do the
following

A (12.5pts). Apply the following task to the graph G, ,,, and provide your
answer on the question stated below.
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Task:
INPUT: Numbers n, m, the graph G,, ,,,, and a source vertex s of G,, ,.

OUTPUT The tree produced by the breadth-first search algorithm ap-
plied to G, and the source vertex s.

Question (12.5pts): How many non-isomorphic trees does the above task
produce? Your answer should depend on n and m. If you provide only
partial answers, say, for example for n = 2 and m = 3 or other particular
choice of numbers for n and m, you will not get any credit for your solution.

Two trees T7 and T are said to be isomorphic if they have the same num-
ber of vertices and after rearrangement of vertices of one tree, say, 77, one
can get a tree which is graphically identical with 7%. Formal definition is
as follows: T} and T’ are isomorphie if there is one-to-one and onto map f
from the set of vertices of T} to the set of vertices of 75 which satisfies: For
all vertices u and v of T, (u,v) is an edge of T if and only if (f(u), f(v)) is
an edge of 75.

B (12.5pts). The same instruction as in the above A but applied to the
graph K, ,, instead of G, ;.
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QUESTION 3. [25 points]: This problem asks you to work with a spanning tree of a connected
undirected graph.

A (12.5pts). Write down any algorithm known to you which realizes the
following task

Task:

INPUT: A connected undirected graph G.

OUTPUT: A spanning tree of G.
Note. The algorithm does not need to be written in any programming code.
It will be sufficient if you write it down in readable steps and provide well

sounded arguments that the steps do the job: produce a spanning tree of G.

B (12.5pts). Write down an algorithm (see the above note) which realizes
the following task

Task:

INPUT: A tree T" and a connected undirected graph G such that T and
G have the same number of vertices.

OUTPUT: YES if T is isomorphic to a spanning tree of G. NO otherwise.

Note. The definition of two trees to be isomorphic is provided in the instruction
of Problem 2. Hint: Think a moment in order to realize that the phrase “if and
only if” in the formal definition of two trees can be weakened for obtaining a
correct solution of Problem 3.
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QUESTION 4. [25 points]: This problem asks you to work with LU decomposi-
fion of an n x n symmetric and positive-definite matrix whose entries are
real numbers.

A (10pts). Given an n x n symmetric and positive-definite matrix A whose
entries are real numbers. Using induction with respect to n, prove that there
is a lower-triangular n x n matrix B whose entries are real numbers and
whose all diagonal elements are positive numbers such that BBT = A.

B (15pts). Do the following
B1 (10pts). Execute the following task
Task:

INPUT: A matrix A from part A.

OUTPUT: Formulas for calculating the non-zero entries of the matrix B
from part A.

B2 (5pts). Provide in terms of O-notation (a big O notation) an upper
bound for the number of arithmetic operations (+, -, -, /) used in calculating
formulas from the output of execution of the task stated in B1.

Definitions for Problem 4: Given an nxn matrix A. Let k = 1,2,--- . n.
The kth leading submatrix of A is defined to be the matrix A which consists
of the intersection of the first k rows and first k£ columns of A. A positive-
definite matrix A is a matrix of the size n x n such that det A, > 0 for
k=1,2---,n. A matrix B = [b;;] is said to be lower-triangular if b;; = 0
for all i,j such that i < j. BT = [bj;] where B = [b;;].
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QUESTION 5. [25 points]: This problem asks you to work with rooted complete
binary trees.

A (12.5pts). Given a rooted complete binary tree T' of height h. Choose
a way of visiting all leaves of the tree T" which traverses the edges of T" and
starts from the root of T'. Next, calculate the total number of times the
chosen way traverses the edges of the tree and provide your answer in terms
of h. Note: If a chosen way traversed i times the same edge, take to your
calculation number ¢ but not 1 if i > 1.

B (12.5pts). Given a rooted complete binary tree T of height h and a

non-empty set A of its nodes. Let [A] denote the smallest set of nodes of T
which satisfies the following conditions:

1) AC[A];
2) If a node u of T is on a path joining two nodes from A, then u € [A];

3) If a node u is in [A] and exactly one child of u is not in [A], then that
(missing) child of u is in [A].

Question: How many nodes does the set [A] may possibly have if A consists
of exactly two nodes of T'7 Your answer should depend on the location of
the two nodes of A. For example, if A consists of the root of 7" and a child
of the root, then [A] has 3 nodes.
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Select four out of five problems.

QUESTION 1. [25 points] Answer the following questions:

a. (8 points) Define time complexity, P and NP-class
b. (17 points) Let 3CNF-SAT = {B: B is a satisfiable Boolean formula in conjunctive
normal form, in which each fundamental disjunction contains at most three

literals}. Show that 3CNF-SAT is NP-complete. (Hint: reduce 3CNF-SAT to CNF-
SAT and use Cook-Levin’s Theorem)

QUESTION 2. [25 points] Answer the following questions:
a. (8 points) Define Turing machine and decidable language

b. (17 points) Demonstrate that L. = {P: P is a pushdown automaton with no idle
states} is decidable.

QUESTION 3. [25 points] Answer the following questions:

a. (9 points) Define context-free grammar, context-free language and state the
Pumping Lemma for context-free languages

b. (8 points) Is it true that a language cannot be regular if it is the union of
languages, which are non-regular? If it is true, prove it. If not, give a counter
example.

c. (8 points) Is it true that the concatenation of non-regular languages cannot be
regular? If it is true, prove it. If not, give a counter example.
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QUESTION 4. [25 points] Answer the following questions:

a. (8 points) Define finite state automata and regular language, the latter without
using finite-state automata.

b. (17 points) Let L be a regular language. Define Substring(L) = {w | 3%, y such
that xwy € L}. Demonstrate that Substring(L) is regular.

QUESTION 5. [25 points] Answer the following questions:
a. (8 points) Define computable function and map reduction.

b. (17 points) Use mapping reduction to compHP = {<T, w>: T is a Turing machine,
w is a string and T does not halt on input w} ( this is the complement of the
Halting Problem) to demonstrate that L = {<T>: T is a Turing machine and
|L(T)| < 3} is not Turing recognizable.





