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Session of Theory of Computation 
Qualifying Exam – Wednesday, February 9, 2011 

 
Select four out of five problems. 
	  
The	  problems	  allow	  you	  to	  demonstrate	  your	  skill	  in	  applying	  the	  theoretical	  tools.	  Justify	  your	  
claims.	  Your	  proofs	  do	  not	  need	  to	  exhibit	  full	  technical	  detail. However, all relevant steps 
have to be presented clearly.	  
 
QUESTION 1.  [25 points]:	  
	  
For	  each	  pair	  of	  natural	  numbers	  p	  and	  q	  let	  Ap,q	  =	  {n	  :	  n	  =	  pk	  +	  q,	  k	  =	  0,	  1,	  2,	  …}.	  	  

a. (12	  points)	  Demonstrate	  that	  the	  language:
  

€ 

L = {a
n
: n∈ Ap j ,q j

j=1

m

 } 	  is	  regular	  

b. (13	  points)	  Criticize	  the	  following	  demonstration	  of	  the	  regularity	  of	  

€ 

L = {a
n
: n = pk + q,k = 0,1,2,...} 	  

Proof:	  

€ 

L = {a
q
,a

q+ p
,a

q+2p
,...} = {a

q
,a

q
a
p
,a

q
a
p
a
p
,...}.	  Since	  L1={aq}	  and	  L2={ap}	  are	  both	  

regular	  languages,	  the	  proof	  proceeds	  by	  induction,	  as	  follows:	  
Base	  case:	  L1	  and	  L2	  are	  regular	  
Inductive	  hypothesis:	  For	  each	  n,	  if	  

€ 

L
1
L
2

n−1is	  regular,	  then	  

€ 

L
1
L
2

n 	  is	  regular.	  
Since	  the	  concatenation	  of	  regular	  languages	  is	  a	  regular	  language,	  the	  inductive	  hypothesis	  is	  
true.	  Since	  the	  property	  holds	  for	  each	  n,	  L	  is	  regular.	  
	  

 
QUESTION 2.  [25 points]: 
	  
Let	  M	  =	  (Q,	  Σ,	  δ,	  s,	  F)	  be	  a	  finite	  state	  automaton.	  Prove	  or	  disprove	  with	  a	  counterexample	  the	  
following	  statement:	  “L(M)	  is	  infinite	  if	  and	  only	  if	  M	  accepts	  a	  string	  w	  whose	  length	  satisfies	  
|Q|≤|w|≤2|Q|.”	  
 
 
 
QUESTION 3.  [25 points]:  
	  
Let	  INFDFA	  =	  {<A>:	  A	  is	  a	  deterministic	  finite	  state	  automaton	  and	  L(A)	  is	  infinite}.	  Show	  that	  
INFDFA	  is	  decidable.	  
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QUESTION 4.  [25 points]  
 

 
 
 
 
QUESTION 5.  [25 points]: 
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Session of Analysis of Algorithms  
Qualifying Exam – Thursday, February 10, 2011 

 
Select four out of five problems. 
 
QUESTION 1.  [25 points]:	  
(a) (9 points)  Define what is meant by 

 
(i) f(n) = O(g(n)) 

 
(ii) f(n)=Ω(g(n)) 

 
(iii) f(n)=Θ(g(n)) 

    
   

 
(b) (16 points)  In each of the following cases, indicate if the given equation is 

true or false and prove your answer. 
 

(i) n!=O(nn) 
 
(ii) n2/log n = Ω(n2) 
 
(iii) 33n3 + 4n2 =  Ω(n2) 
 
(iv) n!=O(2n) 
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QUESTION 2.  [25 points]: 
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QUESTION 3.  [25 points]:  
	  
Professor Midas drives an automobile from Newark to Reno along Interstate 80. 
His car's gas tank, when full, holds enough gas to travel n miles, and his map 
gives the distances between gas stations on his route. The professor wishes to 
make as few gas stops as possible along the way. Give an efficient method by 
which Professor Midas can determine at which gas stations he should stop, and 
prove that your strategy yields an optimal solution. 
	  
 
 
QUESTION 4.  [25 points]: 
 
(a) (15	  points)	  	  Define	  what	  is	  meant	  by	  a	  red-‐black	  binary	  search	  tree	  and	  
state	  the	  properties	  that	  such	  a	  tree	  must	  satisfy	  in	  addition	  to	  the	  usual	  
properties	  imposed	  on	  binary	  search	  trees.	  
	  
	  

(b) (10	  points)	  	  Show	  that	  the	  longest	  simple	  path	  from	  a	  node	  x	  in	  a	  red-‐
black	  tree	  to	  a	  descendant	  leaf	  has	  length	  at	  most	  twice	  that	  of	  the	  shortest	  
simple	  path	  from	  node	  x	  to	  a	  descendant	  leaf.	  
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QUESTION 5.  [25 points]:  
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Session of Computer Architectures and Systems 
Qualifying Exam – Friday, February 11, 2011 

 
Select four out of five problems. 
 

 
QUESTION 1.  [25 points]:	  

 
Consider a basic pipelined execution unit of five stages as indicated below. 
 

Instruction Fetch (IF) 
• Brings the instruction to be execute from memory to the CPU. 

Instruction decode/register fetch (ID) 
• Decodes the instruction,  
• Reads the contents of the registers specified as operands,  
• Sign extends the immediate operands,  
• Determines the target address of branch instructions. 

Execution/effective address (EX)  
• load/stores – determines the effective address 
• Arithmetic/logic – executes the operation 

Memory access (MEM) 
• Load – Read the content of the effective address 
• Store – Writes the effective address  

Write-back (WB) 
• Writes the result in the destination register if it is an arithmetic/logic or load 

instruction. 
 
Using SPARC instructions show a sequence of instructions that: 
 

a) Does not have hazards  (5 points). 
 

 

 

Cycles IF ID EX MEM WB 
1      
2      
3      
4      
5      
6      
7      
8      
9      

10      
11      
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b) Exhibits a structural hazard (5 points). 

 
Cycles IF ID EX MEM WB 

1      
2      
3      
4      
5      
6      
7      
8      
9      

10      
11      

 
c) Exhibit a control hazard (5 points). 

 
Cycles IF ID EX MEM WB 

1      
2      
3      
4      
5      
6      
7      
8      
9      

10      
11      

 
 

d) Exhibit a data hazard (5 points). 
 

Cycles IF ID EX MEM WB 
1 or     
2      
3      
4      
5      
6      
7      
8      
9      

10      
11      
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e) Sequence d with data forwarding (5 points). 
 

Cycles IF ID EX MEM WB 
1 or     
2      
3      
4      
5      
6      
7      
8      
9      

10      
11      

 
 
 
QUESTION 2.  [25 points]: 
 
A stack is a memory structure with a last-in first-out memory access scheme. Using assembly 
SPARC language write a program as indicated below: 
 

a) Write a subroutine that does a push of a word into the stack. (5 points) 
b) Write a subroutine that does a pop of a word from the stack. (5 points) 
c)  When external interrupt #98 takes place if the least significant bit of the word in location 

10000 is one, do a pop of a word from the stack, determine its two’s complement and 
save the result in location 700.  Otherwise do a push in the stack of the word at location 
600.  (15 points) 

 
Clearly identify each part of the program and provide comments on the right side of the code. 
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QUESTION 3.  [25 points]:  
Consider the following sequence of calls and returns from subroutines on a SPARC architecture. 
 

Call A  
Call B  
Call C  
Call D  
Call E  
Return from E 
Call G  
Call I 
Return from I 
Return from G  
Return from D  
Call M  
Call H  
Call N 
Return from N 
Return from H  
Return from M  
Return from C  
Call D 
Call E 
Return from E 
Return form D 
Return from B 
Return from A 

 
Show how many overflows and underflows take place in a Register Windows structure if it has: 
 

a) 3 windows (5 points) 
cA cB cC cD cE rE cG cI rI rG rD cM cH cN rN rH rM rC cD cE rE rD rB rA 
 

b) 4 windows (5 points) 
cA cB cC cD cE rE cG cI rI rG rD cM cH cN rN rH rM rC cD cE rE rD rB rA 

 
c) 5 windows (5 points) 

cA cB cC cD cE rE cG cI rI rG rD cM cH cN rN rH rM rC cD cE rE rD rB rA 
 

d) 6 windows (5 points) 
cA cB cC cD cE rE cG cI rI rG rD cM cH cN rN rH rM rC cD cE rE rD rB rA 

 
e) 7 windows (5 points) 

cA cB cC cD cE rE cG cI rI rG rD cM cH cN rN rH rM rC cD cE rE rD rB rA 
 
 
In each case circle the calls that cause overflows and the returns that cause underflows.  For all 
cases presume that the program that calls subroutine A occupies one window and the rests of the 
windows are empty.  Show a diagram of the call/return sequence. 
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QUESTION 4.  [25 points]: 
 
Consider a cache with four blocks of four bytes each.  Assume an architectural memory of 512 
bytes.  For each of the following cases show a sequence of at least ten memory accesses that 
complies with the case. 
 

a)  A direct mapped cache with a better hit ratio than a two-way associative cache with 
FIFO replacement. (12.5 points) 

b)  A two-way associative cache with LRU replacement with a better hit ratio than a two-
way associative cache with FIFO replacement. (12.5 points) 

 
Provide a visual demonstration of your answer. 
 
	  
QUESTION 5.  [25 points]:  
 
Assume a pipelined execution unit with the following four stages: 
 
First Stage – Instruction Fetch 
Second Stage – Decoding of instructions  
Third Stage – Operand access  
Fourth Stage – Execution of instruction 
 
Assume that the instructions are supplied to the pipeline cycle after cycle except when a branch 
instruction is executed and the next sequence of instructions is not the one predicted.  In this 
case, once the branch instruction completes execution, it takes 11 cycles until the correct 
sequence of instructions begins to be supplied to the fetch stage. 
 
Assume a code segment that implements a loop that repeats 701 times and that it uses a 
conditional branch to determine if the loop is repeated.  Indicate the total number of cycles that 
are wasted from the first iteration of the loop until the last if the branch instruction is: 
 

a)  static prediction that predicts that the branch will take place. (5 points) 
b)  static prediction that predicts that the branch will not take place. (5 points) 
c)  dynamic prediction that predicts that it will happen the same action the branch took the 

last time it was executed (assume that it did not jumped the last time executed before it 
is evaluated on the first iteration). (5 points) 

d)  dynamic prediction that predicts that it will happen the opposite action the branch took 
the last time it was executed (assume that it did not jumped the last time executed before 
it is evaluated on the first iteration). (5 points) 

e)  delayed branch of two instructions. (5 points) 

 


