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Analysis of Algorithms

Problem 1.
Consider two algorithms whose execution time is given by the following functions:
o Algorithm 1, Ti(n) = 7TT1(n/2) + n?.

e Algorithm 2, Ty(n) = aTy(n/4) + n?.

a) (5 pts) Give a tight asymptotic bound for the running time of Algorithm 1.

b) (10 pts) Find the largest integer « so that Algorithm 2 is asymptotically faster
than Algorithm 1.

¢) (10 pts) Among all the integers greater or equal than 1, find the largest integer
«v that gives the best asymptotic behavior of Algorithm 2.

Problem 2.

In this problem we consider the data structure of a k-heap, where & is an integer
greater or equal than 2. A 2-heap is the well-known binary heap. In the k-heap all
the nodes have exactly & descendents except possibly those in the last level. Assume
that the heap is ordered decreasingly, that is, the element with the largest key is in
the first node of the heap.

a) {8 pts) Determine the height of a A-heap in terms of the parameters & y n.
Justify your result.

b) (8 pts) Write a pseudo-code of an efficient algorithm that physically removes
the node with the largest key in the heap.

¢) (9 pts) Perform an analysis of the execution time of the routine given in b).

Is your algorithm asymptotically faster for k-heaps, where & > 2 than for binary
heaps 7
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a) (13 pts) Let (G, E) be a directed graph which has a unique source node (the
edges leave that node) and a unique sink node (the edges enter that node). Design
an algorithm based on dynamic programming to find the shortest path between
the source node and the sink node. You may assume:

o If an edge (4,7) € F then 7 < j.

e Fvery node in the graph with the exception of the source and sink node has at
least one edge entering the node and one leaving the node.

b) (12 pts) Apply your algorithm to the following directed graph (Figure 1) and
show all the steps.

Figure 1: Graph of problem 3.
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Problem 4.
a) (12 pts) State the definition of a matroid.
b) (13 pts) Let n be an integer greater than 1, M be an n x n matrix, M # 0,

S be the set of column vectors of M: and Z, be the set consisting of subsets of § of
linearly independent vectors. Show that (S,7) is a matroid.
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Question 1. (8 points)

Bits in a binary number do not have an inherent meaning. Given the following pattern of
bits:
1011 0110 0010 0100 0000 0000 0001 1010,

a) What number does it represent assuming that it is a signed integer in two’s complement
representation?

b) What number does it represent assuming that it is an unsigned integer?

¢) Which SPARC instruction does it represent assuming it is an instruction from the
SPARC architecture?

d) What decimal number represents assuming that it is a floating point number (standard
IEEE 754 standard)?

Question 2. (12 points)
The numbers A and B are floating point numbers of the IEEE 754 standard. For these two
numbers determine the operations indicated below. Express the results as floating point

numbers. (12 points)

A =01000001001001000000000000000000
B =11000010110011000000000000000000

A+B=
A-B=
AxB=
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Question 3. (20 points)

In a LOAD-STORE architecture, the only instructions which can access memory are the
instructions load and store. Consider the following statement: “Having a large number
of processor registers makes it possible to reduce the number of memory accesses needed
to perform complex tasks”.

Device a simple computational task to show the validity of this statement for a processor
that has four (4) registers compared to another that has only two(2) registers. Assume that
there are add, subtract, and multiply instructions in the instruction set and that only
the load and store instructions can access memory. Arithmetic and logic instructions may
read and write to the same register.

Question 4. (40 points)

Design a 16-bit architecture (each instruction is of 16 bits). The architecture must has at
least four arithmetic/logic instructions, instructions for accessing memory, at least four
branch instructions and one subroutine instruction. The architecture must somehow handle
immediate numbers. For this exercise provide the following:

a) A list of the instructions with a brief description of their operation (25 points)
b) The instruction format corresponding to each instruction (10 points)
c) The architectural registers and their function (5 points)

Question 5 (20 points)

Show a sequence of at least ten memory accesses that result in a grater number of hits for a
direct mapped cache than for a two-way associative cache. Assume the following:

The architectural memory consists of 1024 bytes.

Each cache block has four bytes.

The cache has four blocks.

The two-way associative cache uses the LRU replacement algorithm.
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1. (Total of 40 points) Answer the following:

(a) (10 points, 2 points per item) Define formally (a) Turing Machine,
(b) Turing decidable problems, (c) Turing recognizable problems, (d)
computable function, and (e) mapping reducibility.

(b) (15 points) Show that the problem of deciding whether a Turing Ma-
chine accepts a given string is Turing-recognizable but undecidable.

(c) (15 points) Show that the previous problem is mapping reducible
to the problem of deciding whether two different Turing machines
recognize the same language.

2. (Total of 40 points) The transition mapping of an n-state deterministic
finite state automaton (DFSA) M = (Q, %, 8, go, F) can be specified by an
n % n matrix G whose entries are defined for each p, g in () as

Gpg={a€T:0(p,a)=q}

(a) (5 points) Write the transition matrix for the automaton Aut =
({go, @1, 92,43}, {0, 1}, 6,90, {g3}) with & defined as

(b) (5 points) The product of two n-state transition matrices A and B is
defined as the n x n transition matrix C, whose entries are

Coq = U Ay Brg; where Ay B, , denotes set concatenation.
reQ

The n x n identity transition matrix is defined, in turn, as the matrix

whose entries are
o= itr=q
P41 9 otherwise.

and the powers of a transition matrix are defined inductively as:
G =1
Gttt = GG

Compute the square of the transition matrix of the automaton Aut

in question 2 (a).
(c) (15 points) The mapping §:Q x ©* — @ is defined inductively as:

5(g.6) = ¢
(g, ma) = 8(d(q.x)a)
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where ¢ € ¥ and z € 7.
Prove that for each p, ¢ in @@, and each n nonegative integer

Gy, ={w e :|w|=nand 8(p,w) = ¢}

(d) (15 points) Prove that the language recognized by a DFSA M =
(R,%,6,q0, F) is expressible in terms of transition matrices as

U U G (1)

n>0gel

3. (Total of 20 points) Answer the following:

(a) (10 points) Define formally: (a) Context-free grammar (2 points), (b)
Pushdown automaton (5 points), (¢) Computation with a pushdown
automaton (8 points).

(b) (10 points) Prove or disprove the following claim: "Every pushdown
automaton is equivalent to a 3-state pushdown automaton”.
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